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Abstract

A common goal in statistics and machine learning is estimation of unknowns. Point es-
timates alone are of little value without an accompanying measure of uncertainty, but
traditional uncertainty quantification methods, such as confidence sets and p-values, often
require strong distributional or structural assumptions that may not be justified in modern
problems. The present paper considers a very common case in machine learning, where
the quantity of interest is the minimizer of a given risk (expected loss) function. For such
cases, we propose a generalized universal procedure for inference on risk minimizers that
features a finite-sample, frequentist validity property under mild distributional assump-
tions. One version of the proposed procedure is shown to be anytime-valid in the sense
that it maintains validity properties regardless of the stopping rule used for the data collec-
tion process. We show how this anytime-validity property offers protection against certain
factors contributing to the replication crisis in science.

Keywords: e-process, e-value, empirical risk minimization, Gibbs posterior, learning
rate, machine learning, replication crisis

1. Introduction

In statistics and machine learning applications, the goal is often to use available data to
estimate an unknown quantity. To this end, sophisticated and computationally efficient pro-
cedures have been developed for estimating high- or even infinite-dimensional unknowns,
with strong theoretical support in the form of asymptotic convergence rates. It is impor-
tant, however, to accompany these estimates with an appropriate measure of uncertainty,
typically in the form of a confidence set or in the form of p-values associated with a rele-
vant hypotheses test. Ensuring the validity or reliability of one’s uncertainty quantification
is a major challenge, largely because the available theory generally requires distributional
assumptions or structural simplifications that the data scientist is reluctant or unable to
make. As such, there is a need for general strategies that provide provably valid uncertainty
quantification in modern, high-dimensional problems.

This paper considers a broad class of statistical learning problems where the quantity
of interest is defined as a risk minimizer, i.e., the minimizer of a risk (expected loss) func-
tion. This includes, for example, the typical regression and classification problems common
in machine learning. It also covers the common cases in the statistics literature in which
the quantity of interest is the parameter of either a well- or incorrectly-specified statistical
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model. Much of the extant statistical literature on uncertainty quantification for risk min-
imizers comes from the broad area of robust statistics (e.g., Huber, 1981; Hampel et al.,
2011), and in particular the well-studied area of M-estimation (e.g., Huber, 1981; Maronna
et al., 2006; Boos and Stefanski, 2018). The classical results in this area, however, impose
regularity conditions and achieve only asymptotically valid frequentist inference. More re-
cent results relevant to this problem (e.g., Hudson et al., 2021; Cella and Martin, 2022)
require fewer regularity conditions but still only yield asymptotic validity.

An important recent development was the so-called “universal inference” framework of
Wasserman et al. (2020). They present simple and elegant procedures that offer provably
valid uncertainty quantification (e.g., confidence sets and p-values) under virtually no con-
ditions and without the need for asymptotic approximations. One of their main results
is based on a clever use of data-splitting to construct a “split likelihood ratio” for which
finite-sample distributional bounds on error rates can be obtained under no regularity con-
ditions. These developments are limited, however, to settings in which a likelihood function
is available—that is, in problems characterized by a correctly specified statistical model.
This limitation is partially addressed by the results in Park et al. (2023) that allow for mis-
specification of the statistical model and construction of valid inference for the parameter
value that minimizes the Kullback—Leibler divergence of the posited statistical model from
the true data-generating distribution. However, as mentioned above, assuming a statistical
model is a non-trivial restriction in many practical applications, so there is a practical need
for provably valid methods beyond model-based settings. Our main contribution here is
an extension of the developments in Wasserman et al. (2020) that covers many learning
problems beyond those determined by a statistical model.

Our proposed generalized universal inference framework replaces the log-likelihood func-
tion in the model-based universal inference framework in Wasserman et al. (2020) with the
empirical risk function, an essential ingredient in the learning problem. Wasserman et al.’s
developments leaned on the simple, well-known fact that likelihood ratios have expected
value 1. In our present context, however, there is no likelihood ratio and, moreover, no
direct analogue of Wasserman et al.’s key property to apply. We overcome this obstacle
by identifying a single regularity condition—namely, the “strong central condition” in van
Erven et al. (2015); Griinwald and Mehta (2020), Syring and Martin (2023), etc.—from
which we can show that Wasserman et al.’s (anytime-)validity property also holds for our
proposed generalized universal inference, but in a much broader class of learning problems.
Beyond (anytime-)validity, we also establish results concerning the efficiency of our proposal
(e.g., its asymptotic power).

The remainder of this paper is organized as follows. After some more detailed back-
ground and problem setup in Section 2, we present our generalized universal inference
framework in Section 3 and state its theoretical validity and efficiency properties. An im-
portant practical detail is the choice of a suitable learning rate parameter, and we present
our recommended data-driven selection strategy in Section 4. Then, in Section 5, we
compare our method to that of Waudby-Smith and Ramdas (2023), which is designed
specifically for (anytime-valid) nonparametric inference on the mean of an unknown dis-
tribution, and demonstrate our method’s superior efficiency. In Section 6, we present
simulation studies that demonstrate the dual validity and efficiency of our proposed ap-
proach in a variety of challenging settings; in particular, we show how it addresses various
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factors contributing to the replication crisis in science, as well as to the problem of es-
timating centroids in the K-means problem with unbalanced populations. In Section 7,
we demonstrate how our approach performs in a classical real data example, namely,
Millikan’s experiment to measure the charge of an electron. We finish with conclud-
ing remarks in Section 8. Proofs of all the theorems can be found in the appendix.
Code for reproducing the simulation experiments presented in this paper is available at
https://github.com/neil-dey/universal-inference.

2. Problem setup and related work

Suppose that the observable data Z" := (Z1, ..., Z,) are i.i.d. from an unknown distribution
D over a set Z. A loss function £ : © x Z — R is chosen by a practitioner that measures
how well a parameter § € © conforms with an observed data point Z € Z; small £(6, )
values indicate greater conformity between z and 6. Write R(6) := Ez.p{¢(0; Z)} for the
risk or expected loss function. Our objective is to find the risk minimizer

0* := arg min R(0).
0co
This is impossible without knowledge of the distribution of D, but we can estimate 8* using
the data Z" from D. To this end, the empirical risk minimizer (ERM) is

6, := arg min R,(0),
0cO

where R,(0) :=n"! Yo 0(0; Z;) is the empirical risk function. The intuition is that R,
should be close to R, at least for large n, so the ERM é\n should be close to 0*.

A variety of approaches are available to quantify the uncertainty in 6,. As mentioned
in Section 1, classical solutions offer asymptotic frequentist guarantees under rather strong
regularity conditions. It is demonstrated in Wasserman et al. (2020), on the other hand, that
with a well-specified model {Py | § € ©} featuring a likelihood function L(#; Z™), one can
obtain confidence sets for 8* with no regularity conditions. One of their proposed strategies
is sample splitting. That is, partition the sample Z" into sub-samples Z() and Z® and
compute the maximum likelihood estimator ) on Z(M: then a 1 — « level confidence set
for 6* is given by {6 € © | T(0) < a~ '}, where

L(OW; z(2))

T(6) =T(6: 27, 2%) = oy

is called the “split likelihood-ratio” for obvious reasons. It is notable that 7'(#) is an example
of an e-value, defined by the property that Eg«{T(0*)} < 1, where Ey+ denotes the expected
value under the assumption that the data Z™ was generated from Fy-.

The notion of an e-value is classical, dating at least as far back as Wald (1945, 1947);
however, e-values have become an object of great interest more recently (e.g., Vovk and
Wang, 2021; Howard et al., 2021; Xu et al., 2021; Ramdas et al., 2023) for two reasons.
First, the reciprocal of an e-value is a p-value (i.e., is stochastically no smaller than a
uniform random variable) by Markov’s inequality, so e-values can readily be used for un-
certainty quantification. Second, e-values have several benefits as “measures of evidence”
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over general p-values. For example, whereas it is not straightforward how to combine two
p-values from independent tests, it is clear that that taking the product of independent
e-values results in another valid e-value. Furthermore, this product of independent e-values
remains an e-value under optional continuation—the practice of deciding whether or not to
continue collecting new data and conducting further independent tests based on the out-
comes of previous tests—and so has practical use in meta-analyses (Griinwald et al., 2023).
Additionally, e-values also tend to be more robust to model misspecification and dependence
compared to general p-values; e.g., it is proven in Wang and Ramdas (2022) that applying
the Benjamini—-Hochberg procedure to e-values maintains control over false discovery rates
even for arbitrary dependence between the e-values, whereas the same cannot be said for
p-values. However, e-values are not a direct upgrade to p-values: their safety guarantees
imply that uncertainty quantification with e-values tends to be more conservative than that
with p-values.

The e-value is closely related to the e-process, which is defined as a non-negative super-
martingale (E,),en such that Eg«{E;} < 1 for any stopping time 7 (Shafer et al., 2011;
Ramdas et al., 2023; Ruf et al., 2023). It is clear that any stopped e-process is also an e-value
and thus inherits the relevant benefits. Additionally, the definition of an e-process yields
an “anytime-validity” property: If (E,)nen is an e-process, the reciprocal of max,—1 ., Ep
remains a p-value for any stopping time 7 (Ramdas et al., 2023). That is, the sample size
need not be fixed ahead of time, and one may even choose whether or not to collect more
data based on what has been observed “up to that point.” This is in stark contrast to a
standard p-value, which generally depends on fixing a sample size ahead of time and pro-
hibits any sort of data-snooping. Because peeking at the data to decide whether to stop or
continue data-collection is common in science, the use of anytime-valid measures of evidence
such as e-processes is highly desirable.

How does one construct an e-process? Like the e-value described above, these take the
general form of likelihood ratios but with a sequential flavor (e.g., Wald, 1947, Eq. 10.10). A
general proposal was given in Wasserman et al. (2020, Sec. 8) and particular instantiations
have been put forward in, e.g., Gangrade et al. (2023) and Dixit and Martin (2023); see,
also, the survey in Ramdas et al. (2023). In particular, as an alternative to sample splitting
described above, consider lagged estimators

é\k =arg max L(0; Z%), k=1,2,..., with 50 a fixed constant,
0O

and the corresponding “running likelihood-ratio” test statistic

IR L6145 20
M) = Lo 2

Then {M,,(0*)}nen is an e-process and, therefore, provides anytime-valid inference on 6*.

(1)

3. Generalized universal inference

If the data-generating distribution D is unknown, or if the quantity of interest is not defined
as the parameter that determines a statistical model (and is rather defined as the minimizer
of a more general risk function), then the approach of Wasserman et al. (2020) is not directly
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applicable. To deal with the general statistical learning problem, we propose the following
generalized universal inference framework. To start, define the online generalized universal
e-value (GUe-value, pronounced “gooey-value”):

Gl (0) 1= exp|—w Y {0Bi1: 2) — 0(6: 1)}, (2)
=1

where 51@ is the ERM on the first & sample elements, with 50 a pre-specified constant, and
w > 0 is a learning rate discussed in detail in Section 4. The right-hand side of the above
display is analogous to the running likelihood-ratio (1) in that it makes use of lagged ERMs,
but it does not require a correctly specified likelihood.

The online GUe-value requires computation of n-many ERMs, which may be expensive.
As an alternative, define the offiine GUe-value

Gi(6) = GElg(0) = exp| —wma{Rs, (Bs,) — R, (6)} . 3)

where S7 U Sy is a partition of the sample S into two sub-samples of size n; and no,
respectively. Again, this is in analogy to the split likelihood-ratio of Wasserman et al.
(2020). Because the online and offline GUe-values share many properties, we write G,(f)
when distinguishing between the two is unnecessary and refer to simply the GUe-value.

The intuition for the GUe-value is that G’ (0) is large if and only if a suitable empirical
risk function at 6 is large, suggesting that 6 is highly inconsistent with the data compared to
the estimators. It is also interesting to note that the offline GUe-value can be written as the
ratio of Gibbs posterior probability density functions (e.g., Zhang, 2006; Bissiri et al., 2016;
Griinwald and Mehta, 2020; Martin and Syring, 2022) when using the (possibly improper)
uniform prior. Hence, the offline GUe-value is analogous to the Bayes factor between 6
and the ERM 551. These intuitions thus suggest that the GUe-value at 6* should be rather

small, and that we ought to be able to say that only values 8 such that Gﬁf”) (0) is sufficiently
small could be plausible values for #*. It turns out that this intuition is indeed sound, as
we explain below.

We should not refer to these as “e-values” or “e-processes” without first demonstrating
that they satisfy the respective defining properties. Unlike in the context of a well-specified
statistical model, it is not possible to do this demonstration without imposing certain mild
conditions on the data-generating process D and the loss function ¢. It turns out that the
strong central condition advanced in van Erven et al. (2015), commonly used in the analysis
of ERMs and Gibbs posteriors, is sufficient for our purposes as well.

Strong Central Condition. A learning problem determined by a data-generating process
D on Z and a loss function £ : © x Z — R satisfies the strong central condition if there
exists w > 0 such that

Ezpexp[—w{l(0;Z) —€(6*;Z)}] <1 for all§ € © and allw € [0,).

The strong central condition is effectively a bound on the moment generating function
of £(6*;Z) — £(6; Z) in a small positive interval [0, @) containing the origin. As discussed in
detail in van Erven et al. (2015), this condition holds in a number of practically relevant
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cases; see, also, Griinwald and Mehta (2020). First, if the learning problem is determined
by a well-specified statistical model, as in Wasserman et al. (2020) and many other papers,
where the loss £ is the negative log-likelihood, then it follows from Hoélder’s inequality that
the strong central condition holds with w = 1. Even if the statistical model is incorrectly
specified, under certain convexity conditions (e.g., Kleijn and van der Vaart, 2006; De Blasi
and Walker, 2013; Ramamoorthi et al., 2015), one can often satisfy the strong central
condition for some w < 1; see, e.g., de Heide et al. (2020) for an application to misspecified
generalized linear models. More generally, outside the context of a posited statistical model,
the strong central condition holds for any bounded loss when the parameter space is convex.
In particular, it holds for the LP losses when the parameter space is bounded and convex;
while the parameter space is rarely bounded in theory, it is typical for some reasonable
bounds on the parameter space to exist in practice. For the particularly important special
case of the L? loss, the relatively weak conditions necessary for the strong central condition
to hold are discussed in van Erven et al. (2015); we provide an example of this in Appendix B
where the strong central condition holds with the L? loss for i.i.d. data having finite third
moment.

The following results demonstrate that, under the strong central condition, the online
and offline GUe-values are e-processes and e-values, respectively.

(@)

Lemma 1. Under the strong central condition, the online GUe-value Gy, on(0*) in (2) is an
e-process for all sufficiently small w > 0.

Proof We first show that F,, := G%‘fgn(e*) is a non-negative supermartingale. For conve-

nience of notation, define A; := €(0,_1; Z;) — £(0*; Z;), for i = 1,2,..., where, again, 6 is
a fixed constant. Then

B(E, | 2" Y =E {exp <—w i Ai> ‘ Z”l}

i=1

n—1
=E {exp <w Z Ai) ~exp(—wAy) ) Z”_l}
=1

= Ep_1 - E{exp(—wA,) | Z"fl} ,

where the last equality follows because Z?:_ll A, is a measurable function of Z"~!. Since Z,,
and Z"~ ! are independent and 6,,_ is a measurable function of Z”~!, the latter conditional
expectation in the above display can be re-expressed as

Eexp[—w{l(0; Z) — £(6*; Z)}], for some fixed ¥ € O,

and is bounded by 1, by the strong central condition; thus, E, = G%n () is a non-negative

supermartingale. Finally, since
B(E)) = Eexp[—w{e(é}); Z0) — 005 Z)}| <1,

again by the strong central condition, it follows by a variant of the optional stopping theo-
rem (e.g., Durrett, 2019, Theorem 4.8.4) that E,, = Gg%n(G*) is an e-process. |
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Lemma 2. Under the strong central condition, the offline GUe-value Gg’jgﬁ(Q*) in (3) is
an e-value for sufficiently small w.

Proof For convenience of notation, define A; := 6(@51; Z;) — (0% Z;), for i = 1,2,...,n9
where each Z; € S3. Note that 0g, is a measurable function of Sy, so the strong central
condition implies that

E{exp(—wA;) | S1} <1, foreachi=1,2,....

We hence have that

E{fogff(é’*) | S1} =E {eXp (‘w Z Ai) ‘ 51} - H E {exp(—wAi)
i=1 i=1

since the A; are independent given S7. The law of iterated expectations gives

&}§1

E{GY)3(67)) = EE{GL)0(67) | $1} < 1,

and so the offline GUe-value is indeed an e-value. [ |

We can now begin to see the trade-off between the online and offline GUe-values: the
online GUe-value is an e-process and hence has stronger error rate control properties, as
described in our main result, Theorem 3. The offline GUe-value is only an e-value, so its
properties are generally weaker (e.g., combining offline GUe-values only maintains validity
under optional continuation for independent offline GUe-values, whereas combining online
GUe-values can maintain the anytime-valid property even if the online GUe-values are
dependent), but it is typically far less expensive to compute compared to the online variant
that requires evaluation of the lagged ERMs.

Theorem 3. Suppose that the strong central condition holds and take w > 0 sufficiently
small. Fiz a desired significance level o € (0,1). Then the test that rejects Hy : 8* € ¢ in
favor of Hy : 0* & Oq if and only if

@ (00 e inf G () > a1
Gn (@0) GIEHGQGn (9)—04 )

controls the frequentist Type I error at level o, i.e.,
Pr{G%")(@o) >a '} <a, forall © that contain 6*.

Also, the set estimator
Co(Z™):={0€6:G¥ () <a™'}

has frequentist coverage probability at least 1 — «, i.e.,
Pr{Cy(Z") 30"} > 1—q.

Furthermore, for the online GUe-value specifically, the above tests and confidence sets are
anytime-valid, i.e., for any stopping time T,

Pr{G¥(0¢) > a '} <a and Pr{C.(Z7)36*}>1—a.
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Proof Since ©g contains 6*, it follows that Gq(lw)(G)o) <GW (0*). Then Markov’s inequality
and Theorem 2 gives

Pr{G)(€0) > a7} < Pr{GE)(07) = a7} < aB{GL)(07)) <o,

which proves the first claim. The coverage probability claim follows since C,(Z") Z 0*

if and only if G%w) (60*) > a~ 1, and the latter event has probability < a as just shown.
The final two claims follow from the same arguments given above, thanks to the fact that
G%w)(Q*) is an e-process, as shown in Theorem 1. [ |

Now the trade-off between the online and offline GUe-values is more clear. While both
constructions lead to tests and confidence sets with finite-sample control of frequentist error
rates, the online version is anytime-valid; i.e., the bounds hold uniformly over all stopping
rules, but generally with a higher computational cost. The advantage of anytime-validity,
again, is that the method is robust to the common practice of making within-study decisions
about whether to proceed with further data collection and analysis.

The above results do not rely specifically on 6;_; and 0g, being ERMs. Our primary
motivation for choosing ERMs is for the sake of efficiency: ERMs are often consistent
estimators of the risk minimizer, and this property leads to analogous large-sample consis-
tency results for the above tests and confidence regions. The next two theorems present
successively stronger results along these lines.

Theorem 4. Suppose supgeg IR, (0) — R(6)] -2 0 as n — co. Then

lim Pr{G(w) 0) > oz_l} =1, for any 0 with R(0) > gng R(¥). (4)
€

n—00 n,off

In addition, if the ERM mapping z* — é\(zk) 1s leave-one-out stable in the sense that

~ ~

10(0(2"71); 2,) — 0(B(2"); 2)| = 0(1),  for all (21, 20,...) € Z*°, (5)

then the consistency result (4) also holds for the online GUe-value G%“?m

Theorem 4 is a statement that under regularity conditions, the power function for the
GUe-value test of the point null Hy : 6* = 6 converges to 1 for each 6 that is not a risk
minimizer. Hence, for any non-risk minimizing 6, we see that the associated (1 — «)-level
confidence set for 8* shrinks to eventually exclude 6 with high probability as more data is
collected. The uniform convergence of the empirical risk to the risk is a standard condition,
as it is sufficient for ﬁn(é\n) — R(0*) in the first place. Similarly, it is typical to require
some form of estimator stability in the online setting in order to learn 6* (e.g., Bousquet
and Elisseeff, 2002; Rakhlin et al., 2005; Shalev-Shwartz et al., 2010). For example, the
ERM is leave-one-out stable in the sense of (5) [with rate n~!, see (6)] if the loss function
is smooth and strongly convex over Euclidean space (Zhang, 2023, Theorem 7.10).

Vanishing Type II error probability under fixed alternatives is a relatively weak property.
A more refined analysis considers alternatives #,, that are different from but converging to
the risk minimizer. Then the relevant question is: How fast can the alternative 6,, converge
to 8* and still the GUe-value can distinguish the two? The following theorem gives an
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answer to this question, effectively bounding the radius of the GUe-value confidence set:
For the 3 defined below, the confidence set contains a point more than > n~# distance away
from #* with vanishing probability.

Theorem 5. Fiz 5 € (0,1) and let (0,)nen be a sequence in © such that R(6,)—infy R(J) 2
n=B. Then we have the following rate results for the GUe-value:

1. Suppose that supy |Ry(0) — R(0)| = op(n=P). If the ERM mapping 2* 5(2’“) is
leave-one-out stable at rate n=P, i.e.,

~ ~

100(2"1); 2p) — L(O(2™); 20)| = o(n™P),  for all (z1,2,...) € Z°°, (6)
then limy, oo Pr{GY),(0,) > a~1} = 1.

2. Suppose that supg |}A252(0) — R(9)| = op(ngﬁ). If R(@sl) 25 infy R(V) as n1 — oo,
then
lim  Pr{G®) (6,,) >a '} =1.

(n1,m2)—(00,00) nyolf

3. Suppose that supy |Rs, (0) — R(0)| = op(n;ﬁ). If R(é\gl) 2 infy R(Y) asny — oo and
ny < na, then
lim Pr {G(w) (0n) > a_l} =1.

(n1,m2)—(00,00) Syoff

Note that R(é\gl) 2 infy R(¥) as ny — oo holds if S is identically distributed to So
and that n; < ne holds if the sample splitting occurs with a constant proportion. Thus,
Theorem 5 simply states that for our power function to exhibit desirable behavior, we only
require uniform convergence of the empirical risk to the risk at a reasonable rate (and, in
the offline case, for our split between training and validation sub-samples to be done at
random). Furthermore, the size of our confidence set decays at the same rate as the ERM
converges to the infimum risk.

The rate requirement of Theorem 5 is far from restrictive: a rate of about o,(n~'/?)
is fairly typical. As a concrete example, suppose (X1,Y1),...,(X,,Y,) are i.i.d. random
vectors from any distribution D over X' x {0,1}, let h: X x © — {0, 1} be any measurable
function, and consider the zero-one loss function ¢{6; (x,y)} = l{y # h(z; 6)}. If the set
{z — h(z;0) | 8 € O} is of finite VC dimension (e.g., the set is a subset of a finite-
dimensional affine space), it follows from Corollary 3 of Hanneke (2016) that supy |]§n(9) -
R(0)| = 0p(n?) for any B < 1/2, so we see that the rate condition of the theorem holds.

We finally note that although confidence sets only make sense when the risk minimizer *
exists, Theorems 4 and 5 apply even if infy R(1) is never attained. Two instances where the
infimum risk fails to be attained include models where the parameter space is not compact
(such as when 6 represents a variance component that lies in (0, 00)) and those that use risk
functions that are non-coercive (such as the cross-entropy loss). Indeed, the most common
example where the infimum fails to be attained is when 6 denotes the parameter in logistic
regression and the population is separated—i.e. for the population P, where P C RPx{0,1},
there exists 3 € RP such that for any (z,y) € P, we have that 37z > 0 implies y = 1 and
BTz < 0 implies y = 0—as separation forces at least one component of 6* to be infinite.
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Even in such cases, the theorems guarantee that the GUe-value grows large on all of O;
consequently, the corresponding confidence sets shrink to the empty set as more data are
collected. This may indicate to the practitioner that their statistical learning problem is
ill-posed, if they were not aware of this already.

4. Choice of the learning rate

The choice of learning rate w is critical for the validity and efficiency of the GUe-value
hypothesis tests and confidence sets: If w is too large, then Gﬁf") (0*) is smaller than it
should be, the confidence sets are likewise too small and are likely to undercover. On the
other hand, if w is too small, the confidence sets for 8* are larger than necessary, resulting
in inference that is overly conservative.

We have previously noted that the offline GUe-value can be written as a ratio of Gibbs
posterior densities. Hence, it is not unreasonable to apply the same learning rate selection
methods used to choose a Gibbs posterior learning rate. Some proposals for choosing a
Gibbs posterior learning rate include the unit information loss approach of Bissiri et al.
(2016), the matching information gain idea of Holmes and Walker (2017), the asymptotic
Fisher information matching approach of Lyddon et al. (2019), the R-Safe Bayes algorithm
of Griinwald and van Ommen (2017), and a sample-splitting strategy of Perrotta (2020),
among others. However, it is found in Wu and Martin (2023) that with the learning rate
chosen according to these strategies, the corresponding Gibbs posterior credible sets gener-
ally fail to achieve the nominal frequentist coverage probability. They do, however, identify
one algorithm that maintains valid frequentist coverage even under model misspecification:
the general posterior calibration (GPC) algorithm of Syring and Martin (2019); see, also,
Martin and Syring (2022).

The GPC algorithm proceeds by constructing a 1 —« level confidence set for 6* using the
nonparametric bootstrap, resampling from the original sample S and choosing w such that
the credal set contains 55 with probability 1 — « over the bootstrap resamples. Given that
the GPC algorithm does well in attaining valid confidence sets from the Gibbs posterior, it
is sensible to similarly use the nonparametric bootstrap to select the learning rate for the
GUe-value. This nonparametric bootstrap approach is detailed in Algorithm 1.

Because the nonparametric bootstrap chooses an appropriate learning rate in a princi-
pled manner agnostic to how the data are distributed, it still tends to be conservative in
general, choosing smaller learning rates than necessary. If one is sure that the data come
from a particular parametric model, one may obtain less conservative choices of learning
rates by instead employing the parametric bootstrap to choose a learning rate—at the ex-
pense of possibly having confidence sets with below-nominal-level coverage if the model is
actually misspecified. This algorithm is presented as Algorithm 2.

One can also often obtain exactly correct choices for the learning rate under certain
distributional assumptions for fixed loss functions. Appendix B presents such results for
the L? loss function for the mean of a random variable, given that it satisfies the strong
central condition. In particular, we demonstrate that for Gaussian distributed data, one can
theoretically calculate a learning rate for the GUe confidence set that obtains exactly the
correct coverage; furthermore, this learning rate asymptotically yields the correct coverage
rate even for non-Gaussian data, due to the central limit theorem. We also discuss the

10
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Algorithm 1 Nonparametric Bootstrap for Learning Rate Calibration

Require: (z1,...,2,), collected data
Require: ), a set of candidate learning rates
Require: «, a significance level to calibrate to
Require: N, the number of bootstrap iterations to do
Compute 0, the ERM for (z1,...,2y)
coverages(w) < 0 for all w € Q

for w € 2 do
foriin1,...,N do
Draw Sp = (2p(1); - - - » 2p(n)) Uniformly from (21,. .., 2y,)

if G%(9) < 1/a then
coverages(w) < coverages(w) + 1/N
end if
end for
end for
return arg min,c( |coverages(w) — (1 — o]

Algorithm 2 Parametric Bootstrap for Learning Rate Calibration

Require: {Dy}yco, a family of parametric distributions
Require: (z1,...,z,), collected data from Dy for some 6
Require: €, a set of candidate learning rates
Require: «, a significance level to calibrate to
Require: N, the number of bootstrap iterations to do
Compute P, the best-fitting distribution for (z1,..., z,) from {Dp}oco
Compute 0, the ERM for (z1,...,2y)
coverages(w) < 0 for all w €
for w € 2 do
foriin1,...,N do R
Draw SB = (zb(l), ey Zb(n)) ~ D"
if Gg’g ) < 1/a then
coverages(w) < coverages(w) + 1/N
end if
end for
end for
return arg min g, |coverages(w) — (1 — a)|

existence of a learning rate that obtains at least the nominal coverage if the data are indeed
i.i.d. and one either knows or has good estimates for the second and third moments of the
population. We acknowledge that these results are narrow in scope—either requiring strong
distributional assumptions or once again relying on asymptotics rather than guaranteeing
finite-sample validity—but they provide a useful starting point for generalizing the theory
of learning rate selection in future work.

11
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5. Comparison to existing methods

Another methodology that shares similar aims as our GUe confidence sets is given by the
predictable plugin empirical Bernstein (PrPl-EB) confidence sets of Waudby-Smith and
Ramdas (2023), which are also safe confidence sets due to e-process properties, but are
limited to estimating the mean of a bounded random variable. Given a sample Z1,..., Z,,
the 1 — « level PrP1-EB confidence interval is given by (i Ct, where

C, — (Ele AiZi 4 log(2/a) + 3201 (Zi — fii—1)*(—log(1 — \;) — A,,))
t = 7 :
Zi:l )‘7, Zz‘:l )\z

At :=min | ¢, —A2210g(2/a)
o; qtlog(l+1)

o A+ (2 — fi)?

9t = t+1
S~ /24300 Zi
M - t+1 )

and c is any reasonable value in (0, 1)—we follow the authors’ recommendation of ¢ = 1/2.
The width of the PrPl-EB confidence interval in the i.i.d. setting scales with the true
(unknown) standard deviation, and thus obtains reasonable coverages at large samples.
However, as Figure 20 of Waudby-Smith and Ramdas (2023) shows, for modest sample
sizes, the PrP1-EB confidence interval tends to cover almost the entirety of the support.

In Figure 1, we compare the coverage of the PrPI-EB confidence set and the GUe con-
fidence sets on an i.i.d. sample of size 10 from the Beta distribution, where the learning
rate for the GUe confidence sets were chosen via the parametric bootstrap (with both a
correctly specified and a misspecified parametric model). In agreement with the findings of
Waudby-Smith and Ramdas (2023), the PrPl-EB confidence set covers the entire interval
[0, 1] at such a small sample size, whereas the GUe confidence sets attain essentially exactly
the correct coverage in the correctly-specified and misspecified settings. We also examine
in Figure 2 the coverage of the offline GUe confidence set when using the learning rate
suggested by equation (10) (i.e., the learning rate that yields asymptotically correct cover-
age discussed in Appendix B), as well as when dividing this learning rate by two (which is
our suggestion to ensure correct coverage at finite sample sizes). Note that although equa-
tion (10) requires either Gaussian data or a large enough sample size for the central limit
theorem to apply (neither of which is true in this case), the GUe confidence sets from this
approach are still approximately calibrated—though, there is some undercoverage. On the
other hand, our suggested heuristic of halving this learning rate is more than conservative
enough to hit the nominal coverage in these examples.

We emphasize that in this example, our comparison uses i.i.d. data and both the PrPI-
EB and GUe approaches use the full dataset to create a single confidence set, as opposed to
creating the so-called “confidence sequences” examined in Ramdas et al. (2023), in which
data are added one point at a time. Furthermore, we note that we are using the data to
estimate the learning rate for the online GUe-value—a methodology which we have not
proven to preserve the e-process properties that the PrPl-EB method provably has (though
the results here and in Section 6 give empirical evidence that anytime-validity is indeed

12
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Comparison of PrPI-EB and Offline GUe Comparison of PrPI-EB and Online Gue
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Figure 1: Nominal vs observed coverage of the PrPI-EB and GUe confidence sets on i.i.d.
Beta(5,2) data. The learning rate for GUe was chosen via the parametric bootstrap, once
correctly specifying the Beta model and once misspecifying a Gaussian model.
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Figure 2: Nominal vs observed coverage of the offline GUe confidence sets on i.i.d. Beta(5,2)
data. Blue circles indicate coverages when the learning rate is taken from equation (10), and
red triangles are those when the learning rate is taken as half the value from equation (10).

maintained). The take-away message is that our online GUe-value solution, with data-
driven choice of learning rate, is a powerful and promising alternative to PrPl-EB. We hope
this will motivate further investigation into the interplay of data-driven learning rate choices
and the desired anytime-validity property.

6. Simulation studies

6.1 Replication crisis-related applications

The replication crisis in science is a problem that has received significant attention in recent
years. In this subsection, we showcase a variety of common problems that facilitate the
lack of replicability of scientific experiments, and we demonstrate how these problems are
mitigated by our GUe-value proposals.
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Effects of Optional Stopping of a True Null Hypothesis
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Figure 3: Nominal vs observed coverage of the “exact” and GUe confidence sets when
collecting data until the null hypothesis Hy : (u1 + p2)/2 = 0 is rejected for %N(,ul, o?) +
%N(,ug, 0?) data, with py =5, ps = 10, and o2 = 10*

Example 1. Consider the following simple setup: A scientist is studying two populations
distributed as N(u1,0?) and N(uz2,0%), and wants to estimate the best threshold p =
(11 + p2)/2 that separates the two populations.

If the scientist does everything correctly—collecting a single data set of independent
observations of a fixed, predetermined sample size, then generates a confidence interval from
this data—it is no surprise that the confidence interval works as planned: For any nominal
coverage level, the practitioner shall observe precisely that level of coverage. However,
this is not the reality for many scientists. What often occurs is that the scientist has a
null hypothesis Hy : p = 0 and an alternative hypothesis Hy; : p # 0, and funding or
publication hinges on the null hypothesis being rejected. Thus, especially when gathering
data is expensive, the scientist may choose to gather more data when the data set collected
so far fails to reject the null, and stops collecting data once the null is rejected. Figure 3
demonstrates the effects of such a stopping rule: The confidence intervals generated by
the scientist tend to be less than the nominal coverage. On the other hand, thanks to the
anytime-validity property of e-processes, the online GUe confidence sets with the learning
rate chosen via the nonparametric bootstrap consistently exhibit coverage above the nominal
level. Moreover and quite interestingly, even though the offline GUe-value is not provably
an e-process, it too exhibits coverage only slightly above the nominal level.

In some sense, the setting described in Example 1 is the “best case” scenario, where
the practitioner gathers data until a null hypothesis is correctly rejected; a meta-analysis of
replication studies could plausibly correct this issue. But what happens when publications
in the literature only present false rejections of a null hypothesis?

Example 2. Consider what happens in the same setting as Example 1 when the null
hypothesis is of the form Hy : p > ¢ for some ¢, and it is indeed the case that u > ¢. Due
to the difficulty in publishing negative results, the only data sets present in the literature
will be those that falsely reject this null hypothesis, and the coverage of these intervals
is shown in Figure 4 to be essentially zero for nearly all levels of nominal coverage. No
meta-analysis can possibly correct for this issue, as all published data are simply biased

14
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Effects of Optional Stopping of a False Null Hypothesis
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Figure 4: Nominal versus observed coverage of the “exact” and GUe confidence sets when
only considering data where the null hypothesis Hy : (u1 + u2)/2 > —10 is falsely rejected
for N (p1,0%) + 3N (p2,0?) data, with yy =5, po = 10, and o2 = 10%.

towards the incorrect alternative hypothesis. However, Figure 4 clearly demonstrates that
the GUe confidence set remains valid at all nominal coverage levels, even to the extent that
the empirical coverage nearly matches nominal coverage at all relevant levels.

Example 3. Another common way for science to fail to be replicated is due to the unjus-
tifiable removal of outliers. Doing so can significantly reduce the standard errors and may
appear to be justifiable—after all, one should surely remove data that are the supposed
result of experimental error. To illustrate the effects of cherry-picking data in this way, we
simulate data that have “outliers” removed using Tukey’s fences criterion for outliers with
k = 1. Figure 5 demonstrates the effects of unwarranted removal of outliers on the validity
of confidence sets for N(0,1) and Beta(5,2) data. As usual, our proposed confidence sets
(with learning rates chosen via nonparametric bootstrap) maintain the correct level of cov-
erage!, whereas the “exact” confidence intervals fail to attain the nominal coverage level.

6.2 K-means

We now provide an illustration of the utility of the GUe-value even in the ideal sampling
scenario of collecting an i.i.d. sample of fixed size. Consider the K-means algorithm, an
unsupervised learning method that clusters data Zi,..., 7, into K clusters, with K fixed
in advance, where each cluster has minimum within-cluster variance. Specifically, K-means
aims to find a partition § = (61,...,0k) of the data, where 0, C {1,...,n} for each

1. A caveat to the use of GUe confidence sets for this purpose is that rather than the strong central
condition holding for the data-generating distribution, it must hold for the cherry-picked distribution.
While removing all outliers above and below the mean as done in this experiment yields a distribution
that satisfies the strong central condition, only removing outliers on one side (e.g., only outliers that are
“too high”) would typically cause the strong central condition to fail.
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Effects of Outlier Removal in a Normal Sample Effects of Outlier Removal in a Beta Sample
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Figure 5: Coverage of the mean of N(0,1) and Beta(5,2) data when outliers are removed
via the Tukey criterion (k = 1).
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Figure 6: Coverage of usg for the bootstrapped confidence set versus joint coverage of
(1, p2, p3) for the offline GUe confidence set, w = 30 fixed.

k=1,...,K, that minimizes

K
00; 27) = 16k Var({Z; : i € 6;}),
k=1

where |A| denotes the cardinality of the set A and the Var operator returns the sample
variance of its data-set-valued argument; note that we can define Var(&) arbitrarily, here,
since multiplying by the cardinality [of @] eliminates the dependence on this arbitrary choice.
This partition § implicitly defines the centroids pi, ..., ux, where up = |01 Zzeek 2.
These centroids are typically the quantities of interest.

We generate bivariate normal data from K = 3 populations, Na(uy,o?I), where 02 =
0.01 and p1 = (1,0)7, o = (—=1/2,v/3/2)"T, and puz = (-1/2,—+v/3/2)". Then the true
centroids for K-means with K = 3 are approximately the means of each population.

One commonly-used method to construct approximate confidence sets for these centroids
is via bootstrapping (Hofmans et al., 2015). That is, one resamples from the observed data
set that has the estimate 11 for the centroid, performs K-means again on the bootstrapped
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data, and creates an ellipse with major and minor axes based on the covariance matrix
necessary for the ellipse to contain the jz with the nominal level of coverage over the boot-
strap resamples. Here, we compare this procedure for uncertainty quantification about the
K-means centroids to our proposed generalized universal inference framework.

If we draw 100 samples with equal probability from the three populations, then these
bootstrapped confidence sets indeed attain approximately the correct nominal coverage.
However, this changes when the populations are unbalanced. Figure 6 illustrates that
when the populations are sampled from with probabilities 0.96, 0.03, and 0.01, respectively,
bootstrapping leads to abysmal coverage for the least frequent population centroid (and
thus would perform even worse if it were used to create a joint confidence set for all three
centroids), whereas the offline GUe (joint) confidence set for (u1, p2, pus) with a choice of
w = 30 has essentially the correct level of coverage. Note that because of the computational
burden of the K-means algorithm, we elected to fix w = 30 to speed up computation rather
than use bootstrapping on every iteration; this learning rate was chosen after inspecting
the range of learning rates that the nonparametric bootstrap approach to choosing w had
proposed after a few iterations. We also do not examine the performance of the online
GUe—again due to the computational burden of having to run K-means n times—though
we would expect similar, if slightly more conservative, results.

7. Millikan’s electron charge study, revisited

The first experiment done to measure the charge on an electron was by Millikan (1913).
About this experiment, Feynman (1974) noted the following:

“Millikan measured the charge on an electron by an experiment with falling
oil drops and got an answer which we now know not to be quite right... It’s
interesting to look at the history of measurements of the charge of the electron,
after Millikan. If you plot them as a function of time, you find that one is a little
bigger than Millikan’s, and the next one’s a little bit bigger than that, and the
next one’s a little bit bigger than that, until finally they settle down to a number
which is higher. Why didn’t they discover that the new number was higher
right away? It’s a thing that scientists are ashamed of—this history—because
it’s apparent that people did things like this: When they got a number that was
too high above Millikan’s, they thought something must be wrong—and they
would look for and find a reason why something might be wrong. When they
got a number closer to Millikan’s value they didn’t look so hard. And so they
eliminated the numbers that were too far off...”

Indeed, the charge of an electron is now known to be exactly 160.2176634 zC, whereas
Millikan’s experiment yielded a point estimate of 159.2 zC with standard error 0.07 zC.
Thus, Millikan’s point estimate was roughly 14 standard errors below the true value—in
part due to Millikan’s cherry-picking of data to artificially exclude data points he deemed
to be outliers, much like in our Example 3.

Follow-up papers that attempted to calculate the charge of an electron include Wadlund
(1928) at 159.24 zC, Bécklin (1929) at 159.88 zC, and Bearden (1931) at 160.31 zC. After
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the estimate of Bearden (1931), the timeline of results reported by Hill (2021) suggests that
later estimates all tended to fall quite close to the true value of about 160.2 zC.

To see how the GUe-value applies to Millikan’s oil drop experiment, we use the non-
parametric bootstrap to choose the learning rate for the GUe confidence set; the offline
GUe-value chooses w ~ 0.1 at all relevant significance levels, whereas the online GUe-value
chooses learning rates in the interval [0.03,0.12] that steadily decrease as « increases. We
find that the offline GUe confidence set from Millikan’s cherry-picked data covers the true
value of the charge of an electron until o &~ 0.32, and the online GUe confidence set cov-
ers the true value until o ~ 0.44. Had the uncertainty in measurement of the charge of
the electron been calculated via the GUe-value, it is possible that chemists would have
converged to the correct value faster than the multiple decades it took in real life, due to
no longer being constrained by the too-narrow confidence interval generated by Millikan’s
cherry-picked data.

8. Conclusion

In this paper we considered a context common in modern statistical learning problems
concerned with risk minimization. For such problems, we have proposed a new generalized
universal inference framework that leverages the theory of e-values and e-processes, and
have shown that the corresponding GUe-value tests and confidence sets for the unknown
risk minimizer are provably valid in finite samples. These validity conclusions do not come
for free, as one might hope based on the developments in Wasserman et al. (2020), but
they follow from a general and relatively mild condition called the strong central condition.
Furthermore, under certain weak consistency conditions, the diameter of the GUe-value
confidence sets shrinks at the same rates achieved by the driving ERM, suggesting the
finite-sample validity guarantees do not come at the cost of severe inefficiency. The online
GUe-value features an additional anytime-validity property that means the validity claims
hold uniformly over all stopping rules used in the data collection process. In particular,
we showed that the method’s reliable performance is stable across a variety of common
stopping rules believed to contribute to the replication crisis in science. Furthermore, the
practitioner has agency in choosing how conservative they wish to be, as the methodology
they use to choose the learning rate for the GUe-value can be influenced by the assumptions
they are willing to make regarding the collected data.

The test consistency results in Theorems 4 and 5 above are related to a more fundamental
question concerning the asymptotic growth rate of the proposed GUe-value, akin to the
investigations in Griinwald et al. (2023) for the well-specified statistical model setting.

For a given (possibly composite) null hypothesis Hy : 0* € ©g, recall that G%w)(@o) =
infpeq, G%w)(ﬁ). Following Theorem 2 in Dixit and Martin (2023), our claim is that, under
certain conditions (e.g., the learning rate w is sufficiently small), the asymptotic growth
rate of our GUe-value is

(w) _ . .
log Gy (Bg) = n x w{elengo R(0) glgngo R(@)} +o(n), almost surely.

Note that, if the hypothesis is true in the sense that ©¢ > *, then the GUe-value vanishes
as n — 0o, as expected. Similarly, if the hypothesis is false in the sense that ©g # 0*, then
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the GUe-value diverges to co as n — 0o, again as expected. Moreover, the (exponential)
rate at which these limits are approached corresponds, e.g., in the latter case, to the degree
of separation between 0* and ©¢ determined by the risk function: the further 6* is from Oy,
as measured by winfgcg,{R(0) — R(6*)}, the faster the growth rate. Our further conjecture
is that the asymptotic growth rate of the GUe-value above is the “optimal growth rate for
e-values aimed at inference on a risk minimizer,” but we leave a proper formulation and
verification of these claims for follow-up work.

Future investigations will consider how this theory might extend to the non-i.i.d. setting
to allow for inference on risk minimizers in longitudinal or spatial data. Another important
open question is how best to choose the learning rate for the GUe-value, and under what
conditions the proposed bootstrapping strategy offers GUe-value confidence sets with prov-
able validity guarantees. The theory we have presented for learning rate selection is quite
limited, even for the special case of the L? loss function, despite how critical the choice
of learning rate is in providing finite-sample validity guarantees for the GUe-value; thus,
further work in this direction is necessary. Finally, we hope to further investigate the utility
of the GUe-value in more modern machine learning models (where model parameters need
not be interpretable), through its connection to the Gibbs posterior and thus PAC-Bayes
learning theory.
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A. Omitted Proofs

The following lemma is of use in the proofs of Theorems 4 and 5:

Lemma 6. For any n, we have that

zn:f(@'; Z;i) < zn:f(gn; Zi).
i=1 i=1

Proof We proceed by induction. When n = 1, the statement trivially holds. Thus, suppose

n—1 n—1

> U0s; Zi) < UOn-1; Zi).

i=1 =1

Then

n—1

(6; -}+€(9 Z0)

,_.»—A

{5
(e
>

7

M

H»ﬂ

(01 )}+€(0n7Z)

IN

(@, -}+£(9 Zn)

I
—

n ~
=1

.

where the first inequality uses the inductive hypothesis and the second inequality uses the
fact that 6,,_1 minimizes the sum within the braces. |
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A.1 Proof of Theorem 4

We divide the proof of this theorem in two parts—Part I proves the consistency result (4)
for the online GUe-value, and Part II does so for the offline GUe-value.

ParT I ONLINE GUE

For convenience in notation, define o, := = >

such that R(0) > infy R(¥), and define A :

{Gﬁz‘”gn(e) } Pr{ZZ 1 Zs) — 00 Zi) < loga}

6(91 1; Zi) — K(Gn, Z;). Further, let 6 be
0) -

:( infy R(1)))/2. We then have that

W

w

= ~ ]
= Prd S Ulir; Zi) — O Zi) + 0B0; Zi) — 0(6; Zi) < Ogo‘}

nw
A o~ ~ loga A
> <= - 5 ("
_Pr On S 2}+Pr{Rn(0n) Rn(a) nw 2} 1

We need to show that both terms (A) and (B) go to 1 as n — oo. For the former, we
have by Theorem 6 that

Pr {%SA}>P1~{ Ze 1 7)) — (B 7)) < ?}

Next, we have by the stability hypothesis that each E(@Z 1; Zi) — K(Ql, Z;) < B; for some
positive scalars [3; that satisfy h_>m Bn = 0. This implies that 711 > Bi — 0, and so
n o0

. A . 1 « A
nh—{gopr{UHSQ}Znh—goPr{n;ﬁig2}_1
1=

as desired.
To show that (B) has limit 1, we note that
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It now suffices to show that each of (C) and (D) also has limit 1. To do so for (C), suppose
6 is such that R(6) < infy R(J) + A/4. Then

> Pr {fzn(é) — R(0) + inf R(J) - R(0,) < i}
> Pr {ﬁn@) —R() < ?} +Pr {i%fR(ﬁ) — R(6,) < ?} —1.

As n — oo, the first term goes to 1 by the weak law of large numbers, and it follows from
the uniform convergence of R, to R that the second term goes to 1 as well.
To show that (D) has limit 1, we see that

~ ~ log o
P n)— in S - A
r{R(e )= Rau0) < = }

=Pri R(6,) — inf R(0) + inf R(9) - R.60) < loga A}

{
> Pr {R(én) — inf R(J) < loga A} .

- nw

Now if n > 2log(1/a)/(wA), the above is lower bounded by

~ A
Pr {R(Qn) —inf R(9¥) < } )
9 2
which we again know to have limit 1 as n — oo by uniform convergence.

PAarRT II OFFLINE GUE

For convenience in notation, define the function ®(¢) := Rg, (¥) — R(9). Further, let 6 be
such that R(#) > infy R(V), and define A := (R(6) — infy R(¢))/3. We then have that

w 1
e {Gi0) = 2|

«

~ o~ ~ log o
{ Relfs) - Rsst0) < 252}

=P { (s, Bs) — B0, )] + [7(0s,) ~ RO + [R(6) ~ Res6)] < 2|

log

> Pr {@(551) < A} +Pr {R(é\gl) ~R(0) < - QA} FPr{-®(0) < A} —2.

wno

(A) (B) (©)
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It suffices to show that each of (A) (B), and (C) has limit 1 as (n1,n2) — (00, 00). For
(A), we have from uniform convergence in probability of Rg to R that for any € > 0, there
exists an N € N such that if ng > NV,

1—-Pr {sup |D(F)] < A} <e

Y€O

We then note that for any n; € N, if supyeg |®(9)] < A, it is certainly also the case that
®(0s,) < A. Hence, we have for any € > 0 that there exists an N € N such that for any
ny € N, if ng > N,

1 Pr{q>(§sl) < A} <e

That is to say that as ng — oo, Pr {@(@\31) < A} — 1 uniformly in n;. Since this uniform

limit does not depend on the value of ni, we have that the double limit exists and is equal
to the single limit:

lim Pr{@(é\gl) < A} — lim Pr{fb(é\gl) < A} _

(n1,m2)—(00,00) n2—>00

We now examine term (B):

~ log
P — < —2A
r {R(Osl) R(9) < s }

log

= Pr {R(ésl) ~inf R(J) < —2A 4+ R(0) — i%fR(ﬁ)}

wny

—Pr {R(ésl) — inf R(¥) < logar A}

wna

where the final equality comes from our choice for A. We now show that the double limit
of the above expression exists and is equal to 1. To this end, let € > 0 be arbitrary. Since
R(0s,) -2+ infy R(¥), we have that there exists N € Z* such that if n; > N,

~ A
Pr{|R(051) —i%fR(ﬁﬂ < 2} >1—c

Thus, if n1,ng > max(— 2loga N), we have that
{ (6s,) — inf R(9) < loga | A}
wn9
. log o
> Pr{ R(6, fR(W) < — A
s1) = mER0) < - e way T }

(0s,) —
= R(951)

i%f R(v) < 2}

{
. Pr{,R@l) — inf R(9)| < 2}
>1—¢
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and thus our double limit is 1:

lim )Pr{R@l) _R() < B> _ QA} _

(nl 7n2)4)( wny

Finally, we note that (C) has limit 1 by the law of large numbers, as E[®(6)] = 0.

A.2 Proof of Theorem 5

We again divide the proof of the theorem in three parts, with each part proving the corre-
sponding numbered result in Theorem 5.

ParT I ONLINE GUE

Define o, == 2 S 0(6;-1; Z;) — £(0n; Z;) and ®,(0) := R,(0) — R(f). Further define
A, = (R(#,) — infy R(¥))/2; note that there exists ¢ > 0 such that A, > c¢-n~"/2 due
to the definition of (6, )nen. Then using the same arguments as in Part I of the proof of
Theorem 4, we have that

Pr {Ggwgn(en) > 1}
’ (6%
A,

> Pr {an < Azn} + Pr{@n(§n) < 2} +Pr {R(@l) — Ru(0,) < logar An} —

nw

We must show that each term has limit 1. We have that second addend immediately has
limit 1 since we’ve assumed that supy |®,,(9)| = 0,(n™?). That the first addend converges
in probability to 1 follows by essentially the same argument as in the previous theorem: We
have by Theorem 6 that

A, Ap
Pr{an§}>Pr{ Ze i1 Zi) — 0(0;; Zy) < 2}

and by stability, there exists a sequence En = o(n #) such that for each n € N, / (Hn 15 Zn)—
E(Qn, Zy) < €n. Hence, since L 3" ¢; = o(n™?) and A, > ¢-n~7/2, we have that

A, 1< A,
i < - —_— p—
nh_r)I;OPr{an_ 2}>nh—r>Iolopr{n21€n§ 2} 1
1=

as required.
To show that the third addend has limit 1, define ¢, = k’%nﬂ -1y 5. We note that

~ ~ log o
P n) n\Yn S - An
r{R(e ) = Ba(fn) < }

~ 1
= Pr{ R(B,) - inf R(9) < oeq An}

nw 2nf
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Since 8 € (0,1), whenever n > (%)1/(1_5) we have that £, > 0. Thus, for large
enough n, there exists € > 0 such that

log

Pr {R(én) ~ Ra(6,) < 2

- An} > Pr {R(@n) —inf R(9) < 2en " } . (7)

Next, note that if supy |®(9)| < en™?, then

R(0,) < Rp(6,) +en? < Ry(0) + en " < R(0) + 2en™"

for any 6 € ©. Taking the infimum over 8, we arrive at the implication

sup |®(9)| < en™? = R(6,,) < i%f R(¥) + 2en~ P,
9

and so
Pr {R(@n) < i%f R(V) + 2671_5} > Pr {sup |D(9)| < z—:n_ﬁ} . (8)
9

Since the right hand side of (8) has limit 1 by hypothesis, combining it with inequality (7)
yields the desired result.

PART IT OFFLINE GUE (FIXED VALIDATION SET)

For convenience in notation, we define ®(0) := ]/%52 (0)—R(0); we also define A, = [R(0p,)—
infy R(19)]/3, so that there exists some ¢ > 0 such that A,, > en™?/3. Then in the same
manner as in Part II of the proof of Theorem 4, we have that

Pr{GE)(6:) > 1/a}

~ ~ 1
> Pr {cp(esl) < Ang} +Pr {R(@Sl) — R(,) < B¢

—2A, Pr{—®(6,) <A,,}—2.
B 20, b+ Pr(-0(6,) < A}

As usual, we show that each term limit 1.
For the first term, we have that

. 35 - o~ . D n n C
lim Pr {RSQ (0s,) — R(0s,) < Anz} > lim Pr {RSQ(951) - R(fs,) < 5} =1

ng—r00 ng—r0o0 3”2

where the convergence is uniform by essentially the same arguments as in in the proof of
Theorem 4, but we now use the fact that supy |Rs(9) — R(9)| is 0,(n~?) rather than simply

op(1).
For the second term, we note that

log o

Pr {R(@ql) —R(0) < - 2An2} = Pr {R(@gl) —inf R(Y) < lga Am}

wn9 wn9

~ log c
>P fs,) —inf R(¥) < — 5.
= T{R( 51) 1% R( )— Wno +3n2ﬁ}
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Now we notice that log(a)/(wng) + c/(3n§) > 0 if and only if né_ﬂ > log(1/a)/(cw); since
B € (0,1) there exists some Ny € ZT such that the right hand side is positive for all ny > No.
Next, since R(fg,) — infy R(¥), we know that there exists N; € ZT such that for any
e >0,

~ log o c
Pr< R(Ag,) —inf R(¥) < 1-—
r{(sl> E ()_wNz+3N§}> )

for all n; > N;. We thus have that for any € > 0, if n1,ny > max(Ni, N2), then

log

Pr{R@l)—R(a) < —2An2} >1—¢

wng

so the second addend has double limit 1 again.

For the third addend, we simply apply our uniform convergence in probability at rate
nz_ﬁ since Ay, > ch_B/S.
PART III OFFLINE GUE (GROWING VALIDATION SET)

We define ® as in the previous part, and we also define A,, := [R(6,,) —infy R(9)]/3 so that
there exists ¢ > 0 such that A, > e¢n™?/3. Then as in the previous parts,

Pr {Gg“>(9n) > 1/a}
log

> Pr {@(551) < An} +Pr {R(e}l) — R(6,) < - 2An} FPr{—®(0,) < A} — 2.

wno

and we again show that each term has limit 1.

For the first addend, since n; < ng, there exist & > 0 and Ny € Z* such that if ny > Ny,
then n; < k- no. Furthermore, we have from uniform convergence of ]%SQ to R at rate
op(n;ﬁ) that for every € > 0, there exists Ny such that if ny > Ny,

1‘“{328"1’“”' < W} <<

for some ¢ > 0. Similarly to Part II in the proof of Theorem 4, we then have that for any
€ > 0, there exists Ny such that for any nq > Ny, if no > Ny

~ c
1-Pr{®lg )< — —— % < c. 9
{000 < gy} < )
But when nqy > Ni, we have that
c c c

A, > = >
~3nf  3(n1+mn2)f T 3(k+ 1)ng)P

and so equation (9) reduces to
1 Pr{q>(§sl) < An} <e.
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We hence have that R
lim Pr{@(@gl) < An} —1

ng—r0o0

and the limit is uniform in n, as necessary for the double limit to exist and equal 1.
For the second addend, we note that

log o

Pr {R(ésl) —R(0) <

- 2An} — Pr {R(ésl) —inf R(9) < loga An}

wno T owne

~ ) log o c
> - < '
> Pr {R(Hsl) I%wa) ~ wno + 3(n1 + nz)ﬁ}

Similarly to the first addend, there exist k > 0 and N7 € Z* such that if ny > Ny, n1 < k-no.
So for all n; > Nj, the above is at least

~ log c
Pr< R(8s,) —inf R(¥) < .
r{ (0s) 5 (9) < wna + 3((k+1)n2)5}
Next, we notice that since 3 € (0,1) there exists some Ny € ZT such that the right hand
side is positive if ng > Ny. Then since R(fg,) L infy R(¥), we know that there exists
M € Z7 such that for any € > 0,

log o c S1_e
wN2  3(k+1)8NY

Pr {R(@gl) —inf R(0) <

for all ny > M. We thus have that for any € > 0, if ny,ng > max(Ny, No, M), then

log

Pr{R(@gl)—R(G) < —2An} >1—c¢

wng

so the second addend has double limit 1 again.
For the third addend, we simply apply our uniform convergence in probability at rate
n P since A,, > cn*5/3.

27



DEY, MARTIN, AND WILLIAMS

B. Learning Rates: Analytical Results

As mentioned in Section 4, closed form-learning rates for the L? loss function can be derived.
For example, we have the following proposition for normally distributed data:

iid

Proposition 7. Suppose X1,..., Xo, ~ N(6%,02), and define

() ~log(1/a) z
bO‘vUQ(Z) T 2wo?z 2°

Then the learning rate w for the offline GUe-value that obtains exactly (1 — a)-level coverage
for 6* under the L? loss is given by the solution to the equation

exp b, (22) exp
d d
/ /(w) " o Z1 A2 +/ / o

Proof Let X denote the sample mean of X1,..., X, and f denote the sample mean of
Xn+t1,---5Xon. Then by expanding the definition of the GUe-value and using the law of
total probability, we have that

d21 dZQ =« (10)

Pr {Ggw)(ﬁ*) > 1/04}
= Pr {X(a_ %) — (5— H*)(é\-i- 0*) . log(l/a) }

2 - 2nw

log(1/a) 046* | 7 < p* v o log(1/a) 040" N

Pr{X > Josl/ol L 0§50 pr{X < /a4 B < g
= +
2 2
log(l/a)  Zy 1 log(l/a) = Zs

= -Pr{Z ————+ = | Z fP 1< =1 2 1217, <

{1_2w02Z2+ [ 22>0,+ ' 1_2w02Z2+2| 20

Pr {21 > b (Z0) | 2o > o} +z Pr{21 < b (22) | Zo < o}

where Z; = \/n(X —0*)/c and Zy = \/ﬁ(g— 0*)/o are independent standard normal random
variables, whence the result follows by substituting integrals of standard normal densities
for the probability statements. |

We note that equation (10) can be solved numerically for w quite quickly, so it is a convenient
choice for learning rate whenever Theorem 7 is applicable. The proof of the proposition
illustrates that in order to use equation (10) for non-normal random variables, we need the
sample size to be large enough for sample means to be reasonably approximated as normal
and for the sample variance to act as a good estimator for o2. If safety at smaller sample
sizes is a concern, however, one could simply solve for w from equation (10) and divide the
learning rate by two (for example) to be confident that the learning rate is small enough to
be a safe choice.

To ensure safety for non-normal data, we may use the following proposition:
Proposition 8. Let X1,..., Xo, be i.i.d. from any distribution with mean 0*, variance o,

and third absolute moment p. Let cp =~ 0.4748 be the Berry-Esseen constant and ® denote
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the standard normal CDF, and define

1) (2) := max (@(bf;(z)) - %, o>
’ g n

w — : ("J) 2:74
u¥)(z) := min (Cb(baﬂ2 (2)) + s 1>.

(@)

Furthermore, let l((;))(z) be maximized on [0,00) at z = B and uy ' (z) be maximized on
(—00,0] at z =+. Then any w that satisfies

I cpp CBp
aZl—max(Q—US\/ﬁﬁ) —max(l—ag\/ﬁ,o
CBp . CBP . (1 cpp
+ [max(l— 03\/ﬁ’o)+mm(a3\/ﬁ’1)] - min <2+03\/ﬁ,1)

B8 0o
4 / 1) (2) i) (2) + / W) (2) ()
0 B8

0 0
+ / W) (2) dul®) (2) + / 1)(2) dul (2)
Y

—00

obtains at least (1 — )-level coverage for 0 under the L? loss using the offline G Ue-value.

Proof We can follow the proof of Theorem 7 up until the point where we assume Z; and
Zo are standard normal; supposing they instead have CDF F'| we arrive at

Pr {Gé,‘”)(e*) > 1/a} = /000 1— F(bgﬁz(@)) dF(z) + /0 F(bg’j()TQ(zQ)) dF'(z2) .

—0o0

Although we do not know F', we do know by the Berry-Esseen inequality that

CBp
sup |F(xz) — ®(x)| <
sup [F(x) — @(a)| <
where ® denotes the standard normal CDF. For convenience, we suppress all unnecessary
parameters so that we denote b(z) = b((xw;(z), I(z) = l((lw)(z), and u(z) = ugw)(z). Then

we can obtain a safe learning rate by repeatedly integrating by parts and applying the
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Berry-Esseen bounds to upper bound this expression:

00 0
/ |~ F(b(2))dF(2) + / F(b(2)) dF ()
0 —00

%) 0
— (1~ F(0) - /0 F(b(2)) dF(2) + / F(b()) dF(2)

oo 0
<1-F(0)— /O I(2) dF(2) + /_ _u(z)dF(e)
oo 0
=1—F(0) — |l(c0) —I(0)F(0) —/0 F(z) dl(z)} + [u(O)F(O) +/_ F(z) du(z)]
=1—F(0) —I(c0) +1(0)F(0) + u(0)F(0)

+/05F /F )di(= / F(2) du(z / F(2) du(2)

< 1= F(0) = I(o0) + [1(0) + u(0)] - F(0)

4 /O i i) + /ﬁ Oou(z) diz) + / ;u(z)du(z)+ L " 1) du()
§1—max(; chfpf )—max(l—cgfpfﬂ)

) ) 350
+/Oﬁl(z)dl(z)+/ﬁoou(z)dl(z)+/_ /Woz

as desired. n

This no longer depends on the distribution of the data (other than the second and third
moments, which can often be well-approximated by the sample moments); thus, this propo-
sition yields a provably safe choice of learning rate. We note that it is atypical for there
to exist an w that obtains exactly (1 — a)-level coverage from the above proposition—in
general, all learning rates satisfying the proposition are more conservative than necessary.
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