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Abstract

Inferential models (IMs) offer prior-free, Bayesian-like posterior degrees of belief
designed for statistical inference, which feature a frequentist-like calibration prop-
erty that ensures reliability of said inferences. The catch is that IMs’ degrees of
belief are possibilistic rather than probabilistic and, since the familiar Monte Carlo
methods approximate probabilistic quantities, there are computational challenges
associated with putting this framework into practice. The present paper addresses
these challenges by developing a new Monte Carlo method designed specifically to
approximate the IM’s possibilistic output. The proposal is based on a characteriza-
tion of the possibilistic IM’s credal set, which identifies the “best probabilistic ap-
proximation” of the IM as a mixture distribution that can be readily approximated
and sampled from. These samples can then be transformed into an approximation
of the possibilistic IM. Numerical results are presented highlighting the proposed
approximation’s accuracy and computational efficiency.

Keywords and phrases: confidence distribution; credal set; Gaussian possibility;
inferential model; variational inference.

1 Introduction

Numerous efforts to advance Fisher’s vision of fiducial inference have been made over
the years. Among these efforts, arguably “one of the original statistical innovations of
the 2010s” (Cui and Hannig 2024) is the inferential model (IM) framework put forward
in Martin and Liu (2013, 2015a,c) and later synthesized in Martin and Liu (2015b).
What’s unique about the IM framework is that its output takes the form of an imprecise
probability—specifically, a possibility measure—and, consequently, inference is based on
possibilistic reasoning: hypotheses assigned small possibility are refuted by the data
while hypotheses whose complements are assigned small possibility are corroborated by
the data. This shift from probability to possibility theory has principled motivations:
the IM’s possibilities satisfy a frequentist-style validity property that Bayesian/fiducial
probabilities do not satisfy, i.e., the IM’s possibility assigned to true hypotheses tends to
be not small, hence it’s a provably rare event that the data-driven IM output refutes a true
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hypothesis or corroborates a false hypothesis. More details about IMs and their properties
are provided in Section 2 below. Despite all that the IM framework has to offer, it has
been slow to gain traction in the statistical community, largely due to computational
challenges. Indeed, as shown recently in Jacob et al. (2021), the familiar Monte Carlo
methods used to approximate ordinary probabilities simply aren’t enough to approximate
imprecise probabilities; something more is needed. The goal of this paper is to identify
the aforementioned “something more” for the case of possibilistic IMs and to develop the
corresponding Monte Carlo machinery needed to make these computations, and the IM
framework more generally, readily available for everyday use in applications.

The jumping off point here is the fact that all (coherent) imprecise probabilities, in-
cluding the possibilistic IM’s output, correspond to a (non-empty, closed, and convex) set
of ordinary or precise probabilities, called the credal set. Different brands of imprecise
probabilities have their own mathematical properties, and one way this distinction man-
ifests is in the kinds of constraints imposed on their associated credal sets. Possibility
measures are among the simplest imprecise probabilities and, in turn, their credal sets
have a relatively simple characterization. In particular, results like that in Theorem 1
below make it relatively easy to identify probability distributions in the credal set that
“best approximate” the IM’s possibilistic output. The best approximation is relatively
simple mathematically but might still be difficult to compute; fortunately, further ap-
proximations can be made. Such second-level approximations can take various forms
but, inspired by the asymptotic results in Martin and Williams (2024), here T'll use a
family of Gaussian variational approximations as proposed in Cella and Martin (2024).
These variational approximations on their own are not fully satisfactory, but here I show
they can be stitched together in a satisfactorily way. Specifically, my proposal is to fol-
low the guidelines suggested in the characterization result in Theorem 1 to construct
a probability distribution, with certain Gaussian-like features, that is no more concen-
trated than this best probabilistic approximation of the IM’s possibilistic output. The
aforementioned Gaussian-like features make this easy and fast to sample from, thereby
facilitating principled probabilistic approximations to the IM’s output. I also show how
this probabilistic approximation can be readily transformed into a possibility measure
that is both easy to compute and accurately approximates the target IM output.

The remainder of this paper is organized as follows. Section 2 provides the necessary
background on possibilistic IMs, highlighting the existing computational bottlenecks.
The credal set characterization and proposed Monte Carlo strategy are presented in
Section 3. Three illustrative examples, including logistic regression, are presented in
Section 4. These are cases where direct-but-naive IM computations are expensive but
not out of reach, so the accuracy of the proposed approximation can be assessed. As a
more challenging application, Section 5 presents a non-trivial analysis of a small, censored
data set involving a semiparametric model. For this application, the direct-but-naive
IM solution is too expensive for practitioners to take seriously but the proposed Monte
Carlo-based solution can be carried out in a matter of seconds. The insights and results
presented here make up an important first step in a series of developments needed to create
an IM toolbox for practitioners. Among other things, the concluding remarks in Section 6
describe my vision of where these developments can and need to go. Some relevant
technical details are given in an appendix, including a description of the variational
approximation developed in Cella and Martin (2024).



2 Background

The first IM developments relied on random sets and their corresponding belief functions.
More recent developments in Martin (2022b), building on Martin (2015, 2018), define a
possibilistic IM by applying a version of the probability-to-possibility transform to the
model’s relative likelihood. This shift is philosophically important, but the present review
focuses on the details, properties, and computation of this possibilistic IM.

Consider a parametric model {Py : # € T} consisting of probability distribution
supported on a sample space Z, indexed by a parameter space T C R%. Suppose that the
observable data Z, taking values in Z, is a sample from the distribution Pg, where © € T
is the unknown/uncertain “true value.” The model and observed data Z = z together
determine a likelihood function 6 — L,(6) and a corresponding relative likelihood

L.(0)

R0 = G, L)

I will implicitly assume here that the denominator is finite for almost all z. As is typical
in the literature, I will also assume that prior information about © is vacuous.

The relative likelihood itself defines a data-dependent possibility contour, i.e., it is a
non-negative function such that sup, R(z,60) = 1 for almost all z. This contour, in turn,
determines a possibility measure that can be used for uncertainty quantification about
©, given Z = z, which has been extensively studied in the literature (e.g., Denceux 2006,
2014; Shafer 1982; Wasserman 1990a). In particular, these references suggest assigning
data-driven possibility values to hypotheses H about © via the rule

H v~ supR(z,0), HCT.
ocH

This purely likelihood-driven possibility has a number of desirable properties, which I’ll
not get into here. What it lacks, however, is a justification for why the “possibilities”
assigned to hypotheses about © have belief-forming inferential weight. With vacuous
prior information, there’s no Bayesian justification behind these possibility assignments,
so justification can only come from a frequentist-like calibration property—i.e., assigning
small possibilities to true hypotheses is a provably rare event—but the purely likelihood-
based possibility assignment doesn’t meet this requirement in a practically useful way.
So, while the relative likelihood provides a natural, data-driven parameter ranking in
terms of model fit, this is insufficient for principled and reliable statistical inference.

Fortunately, however, it is conceptually straightforward to achieve the desired calibra-
tion by applying what Martin (2022a) calls “validification”—a version of the probability-
to-possibility transform (e.g., Dubois et al. 2004; Hose 2022). In particular, for observed
data Z = z, the possibilistic IM’s contour is defined as

7.(0) = Po{R(Z,0) < R(z,0)}, 0€T, (1)

and the possibility measure—or upper probability—is likewise defined as

=

-(H) ZESEMG)’ HCT. (2)



It won’t be needed in the present paper, but there’s a corresponding necessity measure,
or lower probability, defined via conjugacy: Il (H) = 1—11,(H¢). An essential feature of
this IM construction is its so-called validity property:

sup Pe{7m2(0) < a} <a, forallaec0,1]. (3)
©€T

This has a number of important consequences. First, (3) immediately implies that
Co(2)={0€T:7m,(0) >a}, ac]01] (4)

is a 100(1 — )% frequentist confidence set, i.e., supger Po{Cu(Z) F O} < . Second,
from (2) and (3), it readily follows that

sup Po{Il;(H) < a} <a, allacl0,1],all H CT. (5)

ecH
In words, a valid IM assigns possibility < « to true hypotheses at rate < « as a func-
tion of data Z. This gives the IM its “inferential weight”—(5) implies that I, (H) is
not expected to be small when H is true, so one is inclined to doubt the truthfulness
of a hypothesis H if II.(H) is small. Third, the above property ensures that the possi-
bilistic IM is safe from false confidence (Balch et al. 2019; Martin 2019, 2024b), unlike
all default-prior Bayes and fiducial solutions. An even stronger, uniform-in-hypotheses
version of (5) holds, which offers opportunities for the data analyst to do more with
the IM than test prespecified hypotheses (Cella and Martin 2023). For further details
about possibilistic IMs’ properties, including de Finetti-style no-sure-loss properties, its
connection to Bayesian/fiducial inference, etc, see Martin (2022b, 2023a,b).

In a Bayesian analysis, inference is based on summaries of the posterior distribu-
tion, e.g., posterior probabilities of scientifically relevant hypotheses, expectations of
loss/utility functions, etc. All of these summaries boil down to integration involving the
probability density function that determines the posterior. Virtually the same statement
holds for the possibilistic IM: the lower—upper probability pairs for scientifically relevant
hypotheses, lower—upper expectations of loss/utility functions (Martin 2021), etc. involve
optimization of the possibility contour 7,. More precisely, the proper calculus for pos-
sibilistic reasoning is Choquet integration (e.g. Troffaes and de Cooman 2014, App. C),
which goes as follows. If h: T — R is a non-negative function, then the Choquet integral
with respect to the possibility measure II, is defined as

. sup h
I.h ::/ { sup WZ(Q)}ds. (6)
inf h 0:h(0)>s

As an important special case, suppose that h(0) = 1(0 € H), where H = {0 : k(0) € K}
for some function k£ and some subset K C k(T). Then

ILh= sup 7.(0) =supm.(0) =sup sup m.(6).
0:h(0)=1 0cH KEK 0:k(0)=k

There’s a clear analogy that can be made between the right-hand side of the above display
and the more familiar Bayesian calculus: the degree of possibility/probability assigned
to “© € H” or, equivalently, to “k(©) € K” is obtained by first getting the marginal
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contour/density for k£(©) at xk by optimizing/integrating over {6 : k(6) = x} and then
optimizing/integrating over k € K. Unlike with Bayesian integration, however, the IM’s
optimization operation ensures that the validity property inherent in 7, is transferred to
the marginal IM for £(©), which implies that it’s safe from false confidence.

While the IM construction is conceptually simple and its properties are quite strong,
computation can be a challenge. The key observation is that the sampling distribution
of the relative likelihood R(Z,0), under Py, is rarely available in closed-form to facilitate
exact computation of m,. So, instead, the go-to strategy is to approximate that sampling
distribution using Monte Carlo at each value of # on a sufficiently fine grid (e.g., Hose
et al. 2022; Martin 2022b). That is, the possibility contour is approximated as

.(0) ~ % S° YR (Zns,0) < R(,0)}, 0€T, (1)

m=1

where Z,, 9 are independent copies of the data Z, specifically drawn from Py, for m =
1,...,M. The above computation is feasible at one or a few different 6 values, but
this often needs to be carried out over a fine grid covering the relevant portion of the
parameter space T. For example, identifying the confidence set in (4) requires finding
which 6’s satisfy m.(0) > «, and a naive approach is to compute the contour over a huge
grid and then keep those that (approximately) meet the aforementioned condition. This
amounts to lots of wasted and expensive computations. More generally, the relevant
summaries of the IM output involve optimization, as in (6), and doing so numerically
requires many contour function evaluations. This is a serious bottleneck, so new and
not-so-naive computational strategies are desperately needed.

3 Monte Carlo methods for IMs

3.1 Key insights

Given a possibilistic IM z ~— (I, II,) with contour function 7, I'll refer to the level sets
Co(2) ={0 € T : 1,(0) > a} defined in (4) as a-cuts. According to the theory reviewed
in Section 2, the a-cut C,(z) is a nominal 100(1 — )% confidence region for ©. Aside
from the practical utility of confidence regions, there’s much more information in the
IM’s a-cuts. Towards this, the credal set €'(II.,) corresponding to the IM’s II, is the set
of (possibly data-dependent) probability measures that it dominates, i.e.,

¢ (I1.) = {Q. € probs(T) : Q.(H) < II.(H) for all measurable H},

where probs(T) is the set of probability measures on T. Then the claim is that the a-cuts
determine the IM’s credal set. Indeed, there’s the following well-known characterization
(e.g., Couso et al. 2001; Destercke and Dubois 2014) of the credal set €'(11,):

Q. €¥(Il,) — Q.{C.(2)} >1—a foralacl0,1]. (8)

That is, a probability distribution Q. belongs to the IM’s credal set if and only if it’s a
confidence distribution, i.e., it assigns probability > 1—a to each of the IM’s a-cuts. More
about this notion of “confidence distributions” and when Bayesian/fiducial distributions
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achieve equality in (8) can be found in Martin (2023a). At a soon-to-be-demonstrated
practical level, elements of the IM’s credal set have a relatively simple characterization,
as the following theorem demonstrates. The result is presented in a more general, not-
IM-specific context because this simplifies the notation.

Theorem 1. Let II be a possibility measure on a space T, with corresponding contour m

and a-cuts Cp, = {0 € T : w(0) > a}, a € (0,1). Then Q € €(I1) if and only if

Q) = / KP () M(dB). (9)

for some Markov kernel K® indexed by 3 € [0,1] such that KP is fully supported on Cg,
i.e., KP(Cg) =1 for each B € [0,1] and some probability measure M on [0, 1] such that a
random variable with distribution M is stochastically no smaller than Unif (0, 1).

Proof. See Appendix A.1. m

I would be surprised if the characterization in Theorem 1 is genuinely new, but I've
not found a reference for this result exactly. A similar result is presented in Wasserman
(1990b, Theorem 2.1) characterizing the credal set of a belief function determined by a
given distribution and set-valued mapping. Hose (2022, Eq. 2.44) also gives a special
case of the right-hand side of (9) but makes no claims that his version is a complete
characterization of € (II); what I specifically propose to do in (12) below closely matches
the Hose’s formula. As an aside, choosing the kernel K? to be a uniform distribution
supported on Cj is an idea that commonly appears in the literature, e.g., the pignistic
probability (Smets and Kennes 1994) or the Shapley value (Shapley 1953) of a game.

The above theorem describes the contents of the credal set € (II) corresponding to a
possibility measure II. A relevant follow-up question is if there exists an element in € (II)
that’s “maximally consistent” with II, i.e., a distribution Q* such that

equality in (8) holds: Q*(C,) =1 — « for each a € [0, 1]. (10)

Such a probability distribution will be called an inner probabilistic approzimation of II.
The theorem’s proof offers some insights that help to answer this question. Indeed, the
two properties needed to achieve the equality in (10) are, first, that the kernel satisfies
KA(Cy) = 0 for all pairs (a, 3) with 3 < a and, second, that M = Unif(0, 1).

As an illustration, which will prove to be useful in Section 3.3 below, consider the
Gaussian possibility measure II, with corresponding mean vector m and covariance matrix
V', defined in Martin and Williams (2024) with contour

7)) =1—F{(0—m) V0 —m)}, 0eT=R"

where Fj is the ChiSq(d) distribution function. Then the corresponding a-cuts are given
by the d-dimensional ellipsoids

Co={0cR":(0—m)"VHO-—m)<F'(1-a)}, acl0,1].

Of course, the normal distribution, N4(m, V'), assigns probability 1 — « to each a-cut, so
that must be the inner probabilistic approximation; in fact, this is a tautology since the
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Gaussian possibility measure above is defined as the outer possibilistic approximation
of the Gaussian probability distribution (Martin and Williams 2024). Following the
guidance offered in the previous paragraph, one first finds that the marginal distribution
M of 7(©) is Unif (0, 1) under © ~ Ny(m, V). Second, since a Gaussian random vector—or
any elliptically symmetric random vector for that matter (e.g., Hult and Lindskog 2002,
Theorem 3.1)—can be written as © = m + RV/2U, where V'/2 is the Cholesky factor
of V, (R,U) are independent, with U a uniform random vector on the unit sphere in R?
and R a non-negative random variable, the corresponding kernel K is the distribution
of m+ {F; (1 — 8)}? VY2 U, which is fully supported on the boundary dCjs of Cj.

3.2 Probabilistic approximation to a possibilistic IM

Suppose I have at my disposal a collection of data-dependent probability distributions,
{Q% : « € [0, 1]}, supported on T, with the property

QH{Cu(2)} >1—a, a€]0,1], (11)

where C,(z) is the possibilistic IM’s a-cut. Where specifically these Q%’s might come
from will be discussed in Section 3.3 below and in more detail in Appendix A.2. Note
that the QJ’s aren’t confidence distributions because no guarantees are offered concern-
ing the Q¢-probability assigned to Cjs(z) for § # «a. Following the intuition provided by
Theorem 1 and the subsequent example, I propose to stitch these a-dependent proba-
bility distributions together into a single probability distribution, Q¥, using the mixture
operation in (9). More specifically, I propose to take the marginal distribution M to be
Unif(0,1) and the kernel/conditional distribution as follows: let © ~ Q¢ and set the
kernel K* = K2, which now depends on data z, to be (a version of) the conditional

z)

distribution of ©, given © € 9C,(z), i.e.,
KIH) :=QH{O € HNCy(2) | © € 0C,(2)}.

Then my proposed probabilistic approximation of the possibilistic IM is based on stitching
the a-specific probabilities according to the following rule:

Q() = / Ke() da (12)

Of course, evaluating features of or simulating from the distribution Q¥ in (12) could
be challenging in general but, fortunately, this is relatively easy to do in the case of my
recommended approach described in Section 3.3 below. At least intuitively, however, it’s
clear how to proceed from (12) to evaluate the proposed probabilistic approximation of
the IM: samples from Q7 can be obtained by first sampling A ~ Unif(0,1) and then by
sampling © from the conditional distribution Q# that’s concentrated on the boundary
0C 4 (z). If there’s a specific feature of QF to be evaluated, then it may be advantageous
to employ a Rao—Blackwellization strategy to reduce the Monte Carlo variance. That is,
suppose the goal is to evaluate the expected value, say, Qzh, of some real-valued function
h defined on T, such as h = 1y for a relevant hypothesis H. Then first get o — KZh,
the expected value of h(O) relative to the conditional distribution K¢ using Monte Carlo,
and then integrate over o numerically, e.g., using R’s integrate function.
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Keep in mind that the possibilistic IM is the target, and even the “best” probabilistic
approximation can be far off from the target in its answers to certain questions. In general,
all that’s guaranteed is Q%(H) < IL.(H), and equality holds effectively only when H is
the complement of an a-cut. Similar statements can be made for expectations of general
functions h, but it’s a bit more complicated: basically, the probabilistic Q}-expectations
agree with the possibilistic II,-upper expectations when & has level sets that match the
IM’s collection of a-cuts. Section 3.5 below offers an approach to overcome the inherent
limitations of any probabilistic approximation of the possibilistic IM.

3.3 Implementation details

Cella and Martin (2024) proposed introducing a parametric family, say, {RS : £ € Z} of
probability distributions on T and, akin to variational Bayes analysis (e.g., Blei et al.
2017), choosing a particular value £ = £(z,a) of the parameter—depending on data z
and level a—such that Q% := Ri(z’a) assigns at least 1 — « probability to the a-cut C,(2),
as required in (11). Intuitively, if £ controls the spread of R, and if this distribution
is properly centered and oriented, then there exists a value (z,«) such that the Q¢
defined in the previous sentence has the stated property, at least approximately. As
the reader might expect, some problem-specific considerations are required to efficiently
implement this strategy, but it can be done accurately in a wide range of applications as
demonstrated next and in the reference cited above.

For the relative likelihood-based possibilistic IM described in Section 2, under the
usual regularity conditions, Martin and Williams (2024) established an asymptotic Gaus-
sianity result that says, if the sample size is large, then

m(0) ~1— Fy((0—0.)"7.(0-6.)), 6&TCRY, (13)

where 6, is the maximum likelihood estimator, J, is the d x d observed Fisher information
matrix, and, again, F}; is the ChiSq(d) distribution function. This Gaussian approximation
also holds in alternative parametrizations and, in fact, it might be more accurate in certain
parametrizations than in others. For example, if there are non-negativity constraints on
0, then the Gaussian approximation might be more appropriate/accurate when applied
on the log# scale than on the 6 scale. My general presentation below works on the 6
scale, but I will apply these transformations freely in the examples that follow.

Since the best probabilistic approximation of the Gaussian possibility measure is the
familiar Gaussian distribution, a reasonable choice of the variational family is

RS = Na(6., J'(9)), € €E=(0,00) (14)
where, if J, = EAET is the spectral decomposition of J,, then
J.(€) = Ediag(¢™") Adiag(¢™") ET,

for €71 the entry-wise reciprocal of ¢, and diag(-) the operator that takes its vector
argument to a diagonal matrix with that vector on the diagonal. Now it should be clear
what was meant when I said above that “¢ controls the spread of RS.” With this family of
candidate probabilistic approximations to the possibilistic IM, Cella and Martin (2024)



proposed a stochastic approximation algorithm (see Appendix A.2 below) that, for a
given a, selects £ = £(z, a) such that

RE=(C,(2)} >1—a, at least approximately,

where RE*® is the Gaussian distribution in (14) with £ = £(z, ) plugged into the variance
and C,(z) is still the original IM’s a-cut. More specifically, if the variational family’s
a-cuts are defined as

Cgc(z) = {6 1 - Fd(<0 - éz)TJz<€)(9 - éz)) Z Oé}
={0:(0—-0.)"J.()(0-0.) < Fy'(1-a)}, (15)
then Cella and Martin’s algorithm returns £ = £(z, &) such that
K55 (2) 2 Ca(2).
They basically stopped here, suggesting QY = REF) a5 a limited-but-simple probabilistic
approximation of the possibilistic IM’s output II, with the property of being a confidence
distribution at least for the specified confidence level «.

To move beyond the insights in Cella and Martin, the key two-fold observation here is
as follows: first, C¢(z) has a simple expression and geometric form (ellipsoid) and, second,
it is easy to condition the Gaussian distribution Q¢ to the boundary 6C§(Z’a)(z)—this is
exactly what was shown in the Gaussian example at the end of Section 3.1. Of course,
bigger a-cuts imply more conservative inference, but empirical evidence in Cella and
Martin (2024) and Section 4 below suggests that the approximation is quite accurate, i.e.,
the two a-cuts in the above display are nearly the same. Just a slight loss of statistical
efficiency is a small price to pay for replacing the impossible task of conditioning on
dC,(z) with the easy task of conditioning on dC5* (2).

To summarize, I propose to implement the probabilistic approximation Qf in (12) by
iterating the following two steps:

1. Sample A ~ Unif(0, 1);

2. Given A, evaluate £(z, A), and then sample O just as described in the Gaussian
example at the end of Section 3.1, i.e.,

(O] A4) = 6.+ {F; (1 - A} I E(= A) U,

where half-power of a matrix means the Cholesky factor and U is uniformly dis-
tributed on the sphere in R

Of course, both sampling steps above are trivial; the only expensive operation— “evaluate
&(z, A)”—is almost hidden in the description. The evaluation of £(z, A) involves an
A-specific run of the stochastic approximation algorithm summarized in Appendix A.2
which, fortunately, typically only involves a few updates and a few Monte Carlo eval-
uations of the IM contour 7, per update. So, this is fast and easy to compute, and it
scales linearly in dimension. Moreover, it’s easy to parallelize the evaluation of £(z, A)
over multiple A’s, dramatically reducing computation time.



A practical adjustment to the above procedure, which allows for larger sample sizes
from Q} with even less computation time, is as follows. Start with a fixed grid A of, say
100 « values; in my examples that follow, I use an equally-spaced grid between 0.001 and
0.999. Then evaluate £(z,«) for all & € A, which sets a fixed limit on the amount of
computational investment required. Now, for each A ~ Unif(0, 1) drawn in Step 1 above,
find the two « values in A that sandwich A and get £(z, A) via linear interpolation, and
then do Step 2 as described above. Once the 100 values of £(z,-) are obtained, which
takes roughly 5 seconds in my examples below, the samples from Q7 are virtually free.

Finally, the procedure proposed here has certain aspects in common with the calibrated
bootstrap algorithm developed in Jiang et al. (2023); in fact, the results in this paper and
in Cella and Martin (2024) were inspired by the calibrated bootstrap efforts. On the one
hand, the calibrated bootstrap proposal is more general than that here because it doesn’t
require specification of a parametric/Gaussian family of approximate distributions—it
uses bootstrap to learn a full distribution nonparametrically. On the other hand, learning
the full distribution requires computational effort and, furthermore, that full distribution
is not well-suited for the condition-to-the-boundary step. Consequently, the calibrated
bootstrap will spend considerable computational resources to evaluate the contour 7, at
points which will ultimately be discarded from the sample that describes QJ.

3.4 Asymptotic analysis

Here I offer a brief large-sample analysis to justify the claimed overall accuracy of the
proposed probabilistic approximation. For the sake of brevity, and without loss of persua-
siveness, I give only a heuristic argument building on the asymptotic convergence results
rigorously demonstrated in Martin and Williams (2024).

As mentioned above, Martin and Williams (2024) show that, under the regularity
conditions sufficient for asymptotic normality and efficiency of the maximum likelihood
estimator, the relative likelihood-based possibilistic IM enjoys a large-sample Gaussianity
property, akin to the classical Bernstein—von Mises theorem fundamental to Bayesian
analysis; see (13). The uniform mode of their convergence result implies, first, that the
IM’s a-cuts, Cy(z), will merge with the a-cuts, C1(z), of the variational approximation,
with & = 1, as the size of the sample z increases to co. Second, since £(z, ) is designed
to make the variational family’s a-cuts agree with the original IM’s, one fully expects
that the components of &(z, a) are converging to 1 as the sample size increases.

Putting everything together, the original IM’s a-cuts merge with the correspond-
ing Gaussian a-cuts asymptotically, and the components of the variational family index
&(z, «) identified by Cella and Martin’s algorithm are converging to 1. Therefore, the sym-
metric difference C,(z) A C5%)(2) is converging to @, which implies that the proposed
sampling algorithm exactly recovers the IM’s limiting inner probabilistic approximation,
which is the Gaussian distribution just like in the example in Section 3.1.

3.5 Back to a possibilistic IM

The starting point was a possibilistic IM with contour m, that generally can only be eval-
uated using Monte Carlo by sampling artificial data sets from the underlying statistical
model. This is cheap and easy to do at a few parameter values, but becomes overwhelm-
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ingly expensive when the contour evaluations are needed at all parameter points on a
sufficiently fine grid. Unfortunately, virtually every relevant summary of the IM output
requires this evaluation on a fine grid. What was proposed above was a probabilistic
approximation Q* of the possibilistic IM II,, which could be sampled with relative ease.
Then those relevant summaries, e.g., expectations, could be readily approximated using
the samples from Qf, and subsequently used to approximate the IM’s summaries. The
challenge is that, for each summary, there are mathematical limits to how well the prob-
abilistic approximation can match the target possibilistic one; for some summaries, the
approximation is accurate while for others it’s not. The question here is if there’s a way
to convert the probabilistic approximation Q} to a possibilistic approximation that better
represents the target IM while retaining the computational efficiency.

The answer to this question is Yes. The “inner probabilistic approximation” just
described can be interpreted as a possibility-to-probability transform, but a probability-
to-possibility transform goes the other direction. Let r, : T — R be a (possibly data-
dependent) ranking function on the parameter space, where larger values of r,(#) indicate
that 6 is “higher ranked” in some meaningful sense. Good examples of ranking functions
are, first, the density function ¢} corresponding to the distribution Q} and, second, the
likelihood function L. of the underlying model. With both of these choices, the meaning-
fulness of the ranking is clear. Taking the ranking function to be the density ¢} gives the
tightest contours, similar to how highest density sets have smallest volume among those
with a fixed probability content, but “tightest contours” isn’t the objective. Moreover,
there may be computational challenges associated with use of the density-based ranking.
After all, ¢; would need to be estimated using, say, kernel methods applied to the samples
from Q7 as described above, which is non-trivial in the multiparameter case. See below
for more on how the ranking function affects the approximation accuracy.

In any case, for a given ranking function r,, the probability-to-possibility transform
of Q} returns the possibility contour

w.(0) = Q{r.(0) <r.(0)}, €T, (16)

To see that supyw,(f#) = 1 and, hence, that this transformation defines a genuine pos-
sibility contour, just take 6 equal (or converging) to a “highest ranked” value according
to r,. Given that w, is a genuine possibility contour, it makes sense to define the cor-
responding possibility measure via optimization as before, i.e., Q. (H) = supy.y w-.(0).
In the examples that follow, I'll refer to the approximation w, of m as the stitched IM
contour, since it’s obtained by stitching together the a-cut approximations.
Computationally, the contour w, in (16) is far more efficient than that in (7). The
reason being that the Monte Carlo samples in the former are fixed whereas, in the latter,
the samples generally depend on the 6 at which the contour is being evaluated. It’s also
worth asking if w, is a good approximation of 7,. Towards this, if Q} is a genuine inner
probabilistic approximation of II,, i.e., if (10) holds exactly, then it’s easy to see that

Q{m(0) < m.(0)} = 7m(0), €T,

where the left-hand side above is w, () corresponding to the ranking function r, = 7,. So,
with a proper choice of ranking function, it’s theoretically possible to recover the original
IM from this. The downside is that, of course, if 7, was available to serve as a ranking
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function, then there’d be no need for any of these approximations. So, it’s unrealistic to
expect that the stitched IM with contour w, will exactly recover the original IM. That
said, however, since the original IM is driven by the relative likelihood function, it follows
that the m,-ranking and the L,-ranking are very similar. In fact, they are exactly the same
if the relative likelihood R(Z,0) is a pivot under Py, which is the case asymptotically for
all regular models. To summarize, there is a sense in which the likelihood-based ranking
is preferred, but this doesn’t mean the likelihood-based version of the stitched IM contour
w, in (16) exactly matches that of the original IM. In the large-sample context discussed
in Section 3.4 above, however, one can expect w, and m, to merge asymptotically, for
both the likelihood- and density-based rankings.

4 Examples

The illustrative examples below are low-dimensional and, therefore, the naive approxima-
tion (7) of the IM contour is computationally feasible. So, my goal here is to offer some
further computational details concerning the new proposal in Section 3 and to highlight
its approximation quality, efficiency, etc. R code for the gamma illustration in Example 2
below is available at https://www4.stat.ncsu.edu/~rgmarti3/software; some more
versatile and user-friendly software is currently in the works.

Example 1. One of the more challenging inference problems involving a one-parameter
model is the bivariate normal with known means and variances but unknown correlation.
Suppose that Z = (Zy,...,Z,) are iid, with Z; = (X;,Y;) a bivariate normal random
vector with zero means, unit standard deviations, and correlation © € T = (—1,1) to be
inferred. Interestingly, that the means and variances are known makes the problem more
difficult—it’s a curved exponential family so the minimal sufficient statistic is not com-
plete and there are various ancillary statistics available to condition on (e.g., Basu 1964).
How this affects asymptotic inference is detailed in Reid (2003). It is straightforward
to construct a possibilistic IM (Martin 2024a, Example 2), which is exactly valid for all
sample sizes and asymptotically efficient, but computation of the naive approximation (7)
is relatively expensive because there’s no pivotal structure and no closed-form expression
for the maximum likelihood estimator. The variational approximation proposed in Cella
and Martin (2024) is fast and easy, but it loses the exact validity of the original IM. Here I
apply the proposed Monte Carlo sampling strategy on Fisher’s transformation scale, i.e.,
on ¥ = arctanh(©), the inverse hyperbolic tangent. Figure 1(a) shows a histogram of
5000 samples from the distribution Qf of ¥ as described above, based on (a centered and
scaled version of) the law school admissions data analyzed in Efron (1982), where n = 15
and the maximum likelihood estimator of © is 6, = 0.789. Overlaid on this plot is, first,
a normal density with mean arctanh(0.789) = 1.07 and estimated standard deviation
and, second, the kernel density estimate; the difference between these two estimates is
negligible. Panel (b) shows the exact IM contour and three stitched IM approximations
as in (16) corresponding to three different ranking functions r,. All three approximations
have roughly the same shape as the true contour, as expected. The two based on density
estimates—Gaussian and kernel—are quite similar and closely agree with the exact con-
tour. The likelihood-based approximation is very accurate on the right-hand side but a
bit conservative on the left-hand side; this is because, as in Figure 1(a), the distribution
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Figure 1: Summary of the results in Example 1 for the bivariate normal correlation.
In Panel (a), the solid line is the Gaussian density and dashed line is the kernel density
estimate from R’s density. In Panel (b), the gray line is the exact IM contour, the dashed
and dotted lines are approximations using the Gaussian and kernel density rankings,
respectively, and the solid line is the approximation based on the likelihood ranking.

Q7 of the Fisher-transformed © is symmetric but the likelihood-based ranking is not.

Ezample 2. Let Z = (Z,...,Z,) denote an iid sample from a gamma distribution with
unknown parameter © = (©1,0,), where ©; > 0 and Oy > 0 are the unknown shape
and scale parameters, respectively. It is straightforward to get the naive approximation
(7) at any particular value of the parameter, but prohibitively expensive to carry this
out over a sufficiently fine grid that spans the plausible pairs (6, 65). So, there’s a need
for more computationally efficient approximation methods, and the Monte Carlo strategy
of Section 3 above fits the bill. For this illustration, I'll work with the data presented
in Example 3 of Fraser et al. (1997), which consists of the survival time (in weeks) for
n = 20 rats exposed to a certain amount of radiation, modeled by a gamma distribution
with unknown shape and scale parameters. Figure 2 summarizes the 5000 samples of
(log ©1,log O2) from the proposed probabilistic approximation Q} developed in Section 3.
This reveals that the distribution is at least approximately Gaussian. Figure 3(a) shows
the exact joint contour function for (61, ©2) along with two stitched IM approximations:
one takes the ranking function to be a bivariate Gaussian density function and the other
takes it to be the gamma likelihood function. Notice that the likelihood-ranking-based
approximation almost perfectly matches the exact contour. And for comparison, the
exact contour requires more than 10 minutes of computation time, while the new Monte
Carlo approximation is completed in roughly 10 seconds.

A practically relevant and surprisingly challenging follow-up question concerns infer-
ence on the mean ® = 0,0, of the gamma distribution. IM solutions that offer exactly
valid inference on ® are presented in Martin and Liu (2015¢) and Martin (2023b), but
the relevant computations can be a burden. An obvious idea is that, given a sample of
(log ©1,log O3) values from the probabilistic approximation, it’s straightforward to get
a corresponding sample of ® = exp(log ©; + log ©,) values, but would this provide a
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Figure 2: Summary of the samples (log ©1,log ©3) from the probabilistic approximation
Q; of the IM in Example 2.

good approximation of the marginal IM for ® presented in Martin (2023b)? To answer
this question, Figure 3(b) shows the latter exact, profile likelihood-based, marginal IM
possibility contour for the mean ¢ and two approximations thereof:

e an indirect approximation based on the samples of (log O1,log ©3) from Q} as de-
scribed above, using the profile likelihood as the ranking function, and

e a direct approximation wherein the mean ® is sampled from the inner probabilistic
approximation of the target marginal IM.

From the context alone, the reader should expect that the direct approximation would
be superior to the indirect approximation, but this superiority doesn’t come for free: the
former is tailored to the particular choice of feature ® and, therefore, is not as simple to
obtain as the latter. From the plot in Figure 3(b), it’s clear that both approximations are
quite accurate and, indeed, the direct approximation is more accurate overall, with the
indirect approximation being a bit too narrow compared to the target. This narrowness is
inevitable because the marginal distribution for ® derived from Q} generally would not be
the inner probabilistic approximation of the marginal IM. Whatever this approximation
might lack in terms of accuracy, it makes up for in simplicity.

Ezample 3. The data presented in Table 8.4 of Ghosh et al. (2006) concerns the rela-
tionship between exposure to chloracetic acid and mouse mortality. A simple logistic
regression model can be fit to relate the binary death indicator (y) with the levels of
exposure (x) to chloracetic acid for the dataset’s n = 120 mice. That is, data Z consists
of pairs Z; = (X, Y;), for i = 1,...,n, and a conditionally Bernoulli model for Y;, given
X;, with mass function

pg(y | .T) = F(91 + le')y {1 — F(@l + 92%)}1_3/, 0= (91, 02) € R2,

where F'(u) = (1 + e )~ is the logistic distribution function. The corresponding like-
lihood cannot be maximized in closed-form, but this is easy to do numerically, and the
maximum likelihood estimator and the corresponding observed information matrix lead
to the asymptotically valid inference reported by standard statistical software. Figure 4
shows the data and the fitted “death probability” curve. For exact inference, however,
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Figure 3: Results for gamma model fit in Example 2. Panel (a) shows the exact IM con-
tour (gray) for the gamma shape and scale parameters (01, ©,) and two approximations:
Gaussian density-based ranking (dashed) and likelihood-based ranking (solid). Panel (b)
shows the exact marginal IM contour (gray) for the gamma mean and two approximations
as described in the text: direct (dashed) and indirect (solid).

the computational burden is heavier: evaluating the exact IM contour for © over a suffi-
ciently fine grid of # values again is prohibitively expensive. As an alternative, the Monte
Carlo sampling method presented in Section 3 is easy to implement and runs in a matter
of seconds. Figure 5(a) shows the 5000 Monte Carlo samples of (01, 0,) from Q} along
with the stitched IM contour based on a Gaussian density ranking, closely agreeing with
the approximations in Cella and Martin (2024) and Martin and Williams (2024).

A specific and practically relevant question concerns the chloracetic acid exposure level
required to make the death probability 0.5. This amounts to setting F'(6y + Oo2) = 0.5
and solving for z; the solution is A = —#6, /6, and the true value A = —0; /0, is called the
median lethal dose, or LD50. For inference on A, I use the previously-obtained samples
(01,0,) from Q} and use a Gaussian density ranking to construct and approximate
possibility contour for A. This curve is shown in Figure 5(b) and, again, it closely agrees
with the asymptotic approximations in Martin and Williams (2024).

5 Application

The examples above are non-trivial when it comes to exact (marginal) inference, but
they still fall under the umbrella of “standard” models. As model complexity increases,
obviously so too does the computational burden of exact inference. One example of a
relatively complex model is that required for modeling censored data: on the one hand,
data from the population under investigation are corrupted, which adds complexity, and,
on the other hand, little is known about the corruption process so this should be modeled
nonparametrically, which also adds complexity. More specifically, I consider time-to-
death data on ovarian cancer patients from a clinical trial that took place from 1974 to
1977 (Edmonson et al. 1979); this data is contained in the ovarian data set in the R
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Figure 4: Plot of the data described in Example 3 with the fitted “death probability”
curve. The vertical line at A\, = 0.244 marks the estimated median lethal dose (LD50),
which is the exposure level at which the death probability is 0.5.

package survival (Therneau 2024). Among other things, this data set includes survival
times for n = 26 patients that entered the study with Stage II or IITA cancer and were
treated with either cyclophosphamide alone or cyclophosphamide with adriamycin. Of
these patients, 14 survived to the end of the study—so their survival times were right
censored—and 12 unfortunately died. In such cases, it’s common to have a parametric
model for the survival times, which is adjusted in a nonparametric way to accommodate
censoring. Let Y; denote the actual survival time of patient i, which may or may not be
observed. Assign these survival times a statistical model {Py : 6 € T}, where the true-
but-unknown value © of the model parameter is the target. Let C; denote the censoring
time for patient ¢, which is a random variable. Then, under the assumption of random
right censoring, the observed data Z consists of n iid pairs Z; = (X;,T;), where

X; =min(¥;,C;) and T, =1Y;<C;), i=1,...,n, (17)

where T; = 1 if the observation is an event time and 7; = 0 if it’s a censoring time. The
goal is to infer the unknown ©, but with the censoring-corrupted survival times. The
likelihood function for the observed data is

n

L.(0,G) = Hg(xi)l—ti {1 - G(z;)}" x Hpe(xi)ti{l — Py(a) I,

i=1

which depends on both the generic value 6 of the true unknown model parameter © for
the concentrations and on the generic value G of the true unknown censoring level distri-
bution G. In the above expression, g and py are density functions for the censoring and
concentration distributions, and G' and P, are the corresponding distribution functions.

Following the review in Section 2, given that G is a nuisance parameter, the natural
strategy is to work with a relative profile likelihood for ©® which, in this case, is given by

sy Tl (1~ P}
R™(z,0) = H?:1péz($i)ti{1 _ Pé(xi)}l_ti7 0eT,
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Figure 5: Summary of the logistic regression results results in Example 3. Panel (a) shows
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Panel (b) shows the approximate possibility contour for the median lethal dose A based
on the samples in Panel (a).

where 6, is the maximum likelihood estimator of ©. The distribution of the relative profile
likelihood still depends on the nuisance parameter G, so when we define the possibilistic
IM contour by validifying the relative profile likelihood, we get

7.(0) = sup P { R™(Z,0) < R™(2,0)}, 0€T.
G

Cahoon and Martin (2021) proposed a novel strategy wherein a variation on the Kaplan—
Meier estimator (e.g., Kaplan and Meier 1958; Klein and Moeschberger 2003) is used to
obtain a G, and then the contour above is approximated by

7.(0) = Py a{R™(Z,0) < R™(2,0)}, 0€T. (18)

Evaluation of the right-hand side via Monte Carlo boils down to sampling censoring lev-
els from G, sampling concentration levels from Py, and then constructing new data sets
according to (17). While this procedure is conceptually relatively simple, naive implemen-
tation over a sufficiently fine grid of # values is very expensive. Fortunately, the proposed
Monte Carlo strategy can be readily applied to sample from an inner probabilistic ap-
proximation of 7, from which approximately valid inference on © can be obtained. While
only first-order asymptotic validity of this IM could be established in Cahoon and Martin
(2021), the empirical results presented there are quite striking in that they suggest the
possibility of a higher-order accuracy similar to that associated with bootstrap.

As is common in the time-to-event data analysis literature, I'll take a Weibull model
for the survival times, where the density function is

poy) = (01/6) (y/02)" " exp{—(y/02)"}, y >0,

where 6 = (6,,0,) is the unknown parameter, with #; > 0 and 6, > 0 the shape and
scale parameters, respectively. Figure 6 shows the samples of (0©1,0;) from the inner
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Figure 6: Plot of samples (©1,03) of the Weibull shape and scale parameters from the
inner probabilistic approximation Q} along with two corresponding joint contours: Gaus-
sian density ranking (solid) and the asymptotic Gaussian possibility contour (dashed) as
developed in Martin and Williams (2024).

probabilistic approximation Q} of the IM defined by (18). This plot also shows two
approximate contours for ©: one is based solely on the asymptotic Gaussianity of the
possibilistic IM as demonstrated in Martin and Williams (2024) and the other is based on
the samples from Q} and the Gaussian density ranking. The former asymptotic contour
assumes “n &~ oo” which is difficult to justify with n = 26 observations, so the latter
contour, which is more diffuse in this application, offers more trustworthy inference. It’s
also very similar to the results presented in Cahoon and Martin (2021), but with only a
tiny fraction of the computational cost.

While the Weibull model is common in applications, the Weibull model parameters
themselves are difficult to interpret. A relevant and interpretable feature is the mean of
the Weibull distribution, which is given by ® = ©,T'(1+67 "), where I' is the usual gamma
function. Like in the gamma and logistic regression examples above, it is straightforward
to obtain an approximate marginal IM for the relevant feature ® or, equivalently log ®,
based on the samples of (01, ©5) from Q%. Figure 7(a) shows a histogram of the samples of
log ® and, since there’s a slight sign of asymmetry, I use the kernel density estimate-based
ranking function to construct the marginal contour for log ® in Figure 7(b). From here,
a nominal 90% confidence interval for log ® can be immediately read off, i.e., (6.41,7.74).
Exponentiating the endpoints gives a corresponding nominal 90% confidence interval for
the mean survival time ® as (610.7,2309.0).

6 Conclusion

According to Cui and Hannig (2024), the IM framework is a fundamental advancement
in statistical inference. To date, these advances have mostly been foundational, theo-
retical, and methodological, with practically important computational advances unfortu-
nately dragging behind. The present paper breaks that trend by offering new, simple,
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Figure 7: Results on the mean survival time ® = O, (1 + ©;") of the Weibull model.
Panel (a) shows the distribution of log ® under Q} and Panel (b) shows the corresponding
marginal IM contour for log ®.

and computationally Monte Carlo sampling-driven procedures for approximating various
summaries of the IM’s possibilistic output. The non-trivial numerical examples pre-
sented here highlight the accuracy of the proposed Monte Carlo approximations which
are achieved at just a tiny fraction—seconds versus minutes—of the time required to
evaluate the IM output directly using naive, brute-force strategies.

The key innovation, motivated in part by Jiang et al. (2023), is to stitch together
a collection of simple but individually-inadequate approximations into a superior meta-
approximation. Here, for the individual approximations, I'm using the variational-like
strategy put forward recently in Cella and Martin (2024), rather than the bootstrap-based
strategy offered in Jiang et al. (2023), because the former is computationally simpler than
the latter. There may, however, be applications in which the additional flexibility offered
by the bootstrap-based strategy is worth the extra computational costs.

The results here mark a first and important step in a series of developments leading to
an IM toolbox for more-or-less off-the-shelf use by practitioners. The obvious next step
is the development of general-purpose software for those common models—Ilike the ones
considered as examples in Sections 4 and 5 above—often encountered in applications. A
natural next step would be extending the methods proposed here in various directions.
This includes extensions to general non- and semiparametric models, where there may
not be a likelihood function (e.g., Cella and Martin 2022), which is well within reach since
the application in Section 5 involved a semiparametric model. This would also include
problems that involve “model uncertainty,” i.e., where all or part of what’s unknown and
to be learned is the underlying model structure. A good example of this is mixture models,
where the number of mixture components is unknown. Structure learning problems often
require regularization, since the data alone cannot rule out overly-complex models, so this
leads naturally into extensions of the proposed computational framework to accommodate
cases with what Martin (2022a,b) has referred to as “partial prior information.” Finally,
while the new proposal here, and the ideas in Cella and Martin (2024) and elsewhere
that it’s built on, aren’t specific to models involving low-dimensional unknowns, there are
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sure to be challenges associated with scaling up this proposal to handle high-dimensional
problems. My current suggestion is to focus this effort on improving the efficiency and/or
flexibility of the variational approximation in Section 3.3.
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A Technical details

A.1 Proof of Theorem 1

To prove sufficiency, according to (8), it’s enough to check that, if Q is as defined in (9),
then Q(C,) > 1 — « for each a. Using the fact that the a-cuts are nested, this follows
from the simple manipulation,

aC) = | KOGy M)

:/a KA (C.) M(dﬁ)+/ K?(C3) M(dp)
0 \:6—/ o ‘:/—‘1

> M([ev, 1])

2 1— «,

where the last inequality follows by the stochastically-no-smaller-than-Unif (0, 1) property
of M. To prove necessity, take the given Q € € (II) and consider a random element © ~ Q.
Note that © € dCy @) with Q-probability 1. For some intuition, imagine partitioning T
based on these level sets; then © itself is determined by the level set it’s on together with
its position on the level set, and hence Q corresponds to an average of the conditional
distribution of ©, given 7(0©), with respect to the marginal distribution of 7(©). It follows
from (8) that the random variable 7(©) is stochastically no smaller than Unif(0,1), and
let M be its marginal distribution relative to Q. Similarly, take K? to be (a version of)
the conditional distribution of ©, given m(©) = 3, relative to Q—note that K” is fully
supported on dCs C Cp, as required. Then the equality (9) follows from the law of
iterated expectation, completing the proof.

A.2 1IMs and variational approximations

The goal here is to review some of the relevant details presented in Cella and Martin (2024)
concerning the choice of £ = £(z, ) employed in Section 3.3 above. The focus here, as
above, is on the case where the variational family is Gaussian, but similar things can surely
be done with other distributional families. The key features of the Gaussian are that its
credible sets can be described in closed-form (ellipsoids) and that it’s straightforward to
sample on the boundary of these credible sets.
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Recall the Gaussian family of approximations RS in (14), where £ is a d-vector with
positive entries and J,(£) is the £&-modified version of the observed Fisher information
matirx J, with spectral decomposition J, = EAE . This is a generalization of a simpler
but less flexible approximation that works with a scalar € and sets J,(§) = £72J,. Also
recall the Gaussian family’s a-cut in (15):

Ci(z) ={0:(0-0.)7 L.(O)(0-0.) <Fy'(1-a)}, aec[01].

The key observation is that the Gaussian approximation RS assigns probability at least
1 — « to the original IM’s a-cut C,(z) if C4(2) 2 C,(z) or, equivalently, if

sup 7,(0) < a.
0¢C4 (=)

Since the contour , is itself approximately Gaussian (Martin and Williams 2024) and
the maximum likelihood estimator 0., also the mode of 7., is in C§(2), it follows that
the action in the above supremum takes place on the boundary dC%(z). Moreover, since
equality in the above display implies a near-perfect match between the IM’s and the
posited Gaussian a-cuts, a reasonable goal is to find a root to the function

ga(§) := max m,(0) — a.
0€9C5 (2)
Design of an iterative algorithm to find this root requires care, primarily because evaluat-
ing 7, is expensive; so the goal is to evaluate g,(§) with as few 7, evaluations as possible.
Cella and Martin (2024) propose to represent the boundary of C¢(z) by 2d-many vectors

05 =0, £ {F (1 —a) & / A\ Pes, s=1,...,d, (19)

where (), €,) is the eigenvalue—eigenvector pair corresponding to the s largest eigenvalue
in the spectral decomposition of J, mentioned above. Then define the vector-valued
function g, with components

Gas(&) = max{m,(957), (05 )} —a, s=1,....d. (20)

At least intuitively, negative and positive g, (¢) indicate that the a-cut C4(z) is too
large and too small, respectively in the e,-direction. From here, Cella and Martin (2024)
suggest applying a stochastic approximation algorithm a la Robbins and Monro (1951)
and Kushner and Yin (2003) to construct a sequence (£) : ¢ > 1) of d-vectors that
converges to a root of §, and, hence, an approximate root of g,. For an initial guess £(©),
the specific sequence is defined as

S =€) twi gas(€?), s=1,....d, >0,
where (wy) is a deterministic sequence that satisfies
Zwt =00 and Zw? < 00.
t=1 t=1

These steps are iterated until (practical) convergence is achieved, and the limit is what I
called £(z, ) in Section 3.3. The basic steps are outlined in Algorithm 1, but I refer to
Cella and Martin (2024) for further details and discussion.
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Algorithm 1: Determining £(z, a)—from Cella and Martin (2024)

requires: data z, eigen-pairs (A, €5), and ability to evaluate 7,;

initialize: a-level, guess £, step size sequence (wy), and threshold € > 0;
set: stop = FALSE, t = 0;

while !stop do

construct the representative points {ﬁg(t)’i :s=1,...,d} as in (19);

evaluate gq s( "N for s =1,....d as in (20):
update £ = ¢ + w1 Gos () for s=1,...,d;
if max, [/ — £| < £ then

£(z,a) = £

stop = TRUE;
else
‘ t+—t+1;
end

end
return £(z, o);
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