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Abstract

An inferential model (IM) is a model describing the construction of provably reli-
able, data-driven uncertainty quantification and inference about relevant unknowns.
IMs and Fisher’s fiducial argument have similar objectives, but a fundamental dis-
tinction between the two is that the former doesn’t require that uncertainty quan-
tification be probabilistic, offering greater flexibility and allowing for a proof of
its reliability. Important recent developments have been made thanks in part to
newfound connections with the imprecise probability literature, in particular, pos-
sibility theory. The brand of possibilistic IMs studied here are straightforward to
construct, have very strong frequentist-like reliability properties, and offer fully con-
ditional, Bayesian-like (imprecise) probabilistic reasoning. This paper reviews these
key recent developments, describing the new theory, methods, and computational
tools. A generalization of the basic possibilistic IM is also presented, making new
and unexpected connections with ideas in modern statistics and machine learning,
e.g., bootstrap and conformal prediction.

Keywords and phrases: Bayes; confidence distribution; fiducial; frequentist; im-
precise probability; possibility theory; validity.

1 Introduction

An inferential model (IM) is a model for data-driven uncertainty quantification and in-
ductive inference about relevant unknowns. These unknowns might be parameters in
a posited statistical model, or functions thereof, but other situations are possible; see
Section 6. More specifically, an IM offers mathematically rigorous, fully conditional,
Bayesian-like uncertainty quantification—without requiring prior distributions or Bayes’s
theorem—that is provably reliable in the frequentist-like sense that its output is naturally
calibrated across repeated sampling. At a high level at least, this is reminiscent of what
Fisher’s fiducial argument aimed to do, so it’s important to make clear IM’s novelty at
the outset: there are limits to the reliability of probabilistic uncertainty quantification
in the absence genuine prior information, and the IM framework sidesteps these limita-
tions not by relaxing “reliability” but instead by relaxing “probabilistic,” by working in a
more flexible (but still mathematically rigorous) framework that doesn’t require single or
precise probability values to be assigned to each proposition about the unknowns. These
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details will be explored in-depth in the sections that follow. For now, suffice it to say
that this novel use of concepts and tools coming the theory of imprecise probability in the
context of statistical inference is surely what inspired Cui and Hannig (2024) to describe
IMs as “one of the original statistical innovations of the 2010s.”

It’s been about 10 years since the monograph Inferential Models: Reasoning with
Uncertainty (Martin and Liu 2015b) was published, and a lot of exciting developments
have been made since then on all fronts: foundations, theory, methodology, and compu-
tation. An impetus behind these more recent advancements was the recognition that,
while IMs’ deviation from ordinary probability theory puts one in unfamiliar territory,
that new territory isn’t uninhabited—there’s an entire community of researchers and a
body of literature devoted to imprecise probability theory ripe with important insights,
understanding, and mathematical /computational tools. These efforts have inspired other
developments (e.g., Caprio et al. 2025; Williams 2023; Xie and Wang 2022) and have
created opportunities for new-and-improved understanding of Bayes and fiducial infer-
ence, bootstrap, conformal prediction, etc. The goal of this paper to review these recent
developments, which are related to but also different from those in the aforementioned
monograph, and to present some new insights, methods, and results. I hope that this
survey will make these exciting developments more accessible and draw a new generation
of researchers’ attention to these foundational advancements and open problems.

Towards this goal, the remainder of the paper is organized as follows. Section 2
sets the scene by reviewing probabilistic uncertainty quantification and highlighting its
shortcomings. In particular, Section 2.4 offers a new perspective on the false confidence
theorem (Balch et al. 2019) establishing that any data-dependent posterior probability
distribution—Bayes with any prior, (generalized) fiducial, etc.—will, in vacuous prior
information cases like I’'m considering here, tend to assign high probability or confidence
to some false hypotheses. The implications of this are two-fold: that probabilistic uncer-
tainty quantification has an inherent unreliability and that correcting this requires quan-
tification of uncertainty using more flexible tools from the world of imprecise probability.
Section 3 dives into the details of the possibilistic IM construction, where I'm emphasizing
“possibilistic” because this new perspective—which is similar to that presented in Martin
and Liu (2015b)—leans heavily on possibility-theoretic interpretations, calculus, compu-
tational tools, and mathematical structure. The IM’s key properties are presented next,
including a finite-sample validity property which ensures that its imprecise-probabilistic
output is properly calibrated and, in particular, that tests and confidence sets derived
from the IM’s output have frequentist error rate guarantees. Efficiency is also discussed,
including a new possibilistic Bernstein—von Mises theorem ensuring that the IM’s out-
put is asymptotically possibilistic-Gaussian and efficient like in the classical sense where
the asymptotic variance matches the Cramér-Rao lower bound. But IMs are not solely
frequentist—they also offer fully conditional quantification of uncertainty and, in Sec-
tion 3.4, I survey the relevant Bayesian-like properties that have not received much at-
tention in previous works. IM computation is nontrivial, and Section 3.5 reviews briefly
an exciting new development facilitating sampling-based Monte Carlo computations for
evaluating the IM’s non-probabilistic output. Section 4 explains how IMs offer much
more than a “unification” of frequentism and Bayesianism—the IM framework actually
fills the holes in both paradigms! Section 5 deals with the important practical problem of
eliminating nuisance parameters, and this motivates some new developments presented in



Section 6, which help IMs reach the next level of uncertainty quantification beyond those
cases involving a statistical model. Applications of this idea to inference on risk minimiz-
ers and to (conformal) prediction are considered there. The paper ends in Section 7 with
a brief summary, mentioning some relevant topics that are not discussed in this review,
along with some open questions for future investigation. The appendix/supplement offers
supporting technical details and some additional examples.

Some may argue that foundational efforts like these are impractical, but I disagree.
For years we’ve heard that statistics as a discipline is at risk of “missing the boat” when
it comes to data science; see, e.g., the recent report by He et al. (2025). Statisticians
collectively agree that statistics is an important part of data science, so why are we so
concerned? A boat’s captain isn’t concerned about missing the boat, neither are the
first and second mates; only ancillary crew members and passengers worry about missing
the boat. This fear of missing the data science boat betrays our community’s deep-
down insecurity—a fear that we’re only ancillary crew members—which surely can’t be
a consequence of us not contributing to enough applied projects or not proving enough
consistency theorems. It must instead be due to a deeper, more significant shortcoming,
say: “How can a discipline, central to science and to critical thinking, have two method-
ologies, two logics, two approaches that frequently give substantially different answers to
the same problems” (Fraser 2011b). Our discipline can’t be confident about its contri-
butions when such fundamental questions remains unanswered. Orienting our discipline
by settling these foundational questions would prove that we have unique expertise to
contribute, thereby giving us confidence that the boat can’t leave us behind.

2 Background and motivation

2.1 Problem setup and notation

Let Z denote the observable data, taking values in a sample space Z. It’ll often be the
case that Z has components 71, ..., Z,, where Z; = (X;,Y;) might be an independent—
dependent variable pair, etc. When it’s relevant that the data is a sample of size n, e.g.,
when considering large-sample properties, I'll write Z" = (Z,...,Z,). Throughout, z
(or ") will denote a particular realization of the observable data Z (or Z").

Next, suppose statistical model {Py : § € T}, consisting of probability distributions
supported on (subsets of) Z, is imposed to quantify the variability or aleatory uncertainty
in the observable data Z; I'll relax this parametric model restriction in Section 6 and later.
The probability distributions Py have a corresponding density /mass function py(z) and,
if Z = z is the observed data, then 6 — L,(6) := py(2) is the likelihood function.

Finally, let © denote the uncertain true parameter value, i.e., the one such that the
statement “Z ~ Pg” is true; this too can and will be relaxed later. Like with my z and
Z notation, note that I'm writing 6 for generic parameter values and © for the uncertain
true value to be inferred. Importantly, here I'll be assuming that prior information about
O is wvacuous, i.e., my answer to the question “What is the prior probability that © is
in A?” would be “between 0 and 1”7 for all A ¢ {&, T}—complete ignorance. While
ignorance is the state most commonly assumed in the statistics literature, it’s not be-
cause complete ignorance is realistic—arguably it’s rare in applications to know literally
nothing about the quantity of interest. See Section 7 for a brief discussion about recent



developments allowing for non-vacuous, incomplete prior information about ©.

Since prior information is vacuous, all that’s available is the model/likelihood for Z
and the realization z. According to Hacking (1976), “Statisticians want numerical mea-
sures of the degree to which data support hypotheses,” which, to me, sounds like prob-
abilistic uncertainty quantification (Section 2.2). So, despite having fully vacuous prior
information, which puts proper Bayesian inference out of reach, the goal still is to assign
data-dependent probabilities (or something similar) to hypotheses about the unknown ©.
Towards this, I'll follow Fisher— “the world’s master of quantifying uncertainty” (Pearl
2018)—, Jeffreys, Dempster, Berger, Walley, and other leaders.

2.2 Probabilistic uncertainty quantification

For now, probabilistic uncertainty quantification means assigning data-dependent prob-
abilities, say, Q.(-) to hypotheses about the unknown ©. The point is that a hypothesis
“O € H” determined by a subset H C T can be true or not, and a large Q,(H) assigned
to that hypothesis would naturally be interpreted as an indication that data z supports
the truthfulness of that hypothesis. (Henceforth, when I refer to a “hypothesis H” 1
mean the hypothesis “© € H.”) So, the magnitudes of these probabilities can be broadly
used to assess which hypotheses the data does and doesn’t support. Of course, these
probabilities can be used for other purposes (e.g., credible/confidence sets, prediction,
and decision-making) but it’s this basic function of assessing broadly where the data
lends its support that distinguishes probabilistic uncertainty quantification from other
approaches. In Section 2.3 below I give a brief summary of the two most familiar of the
existing approaches to probabilistic uncertainty quantification.

It’s important to distinguish probabilistic uncertainty quantification about an un-
known and unobservable O, like what’s in consideration here, from that about an un-
known that’s observable, e.g., a future data point. In the latter case, the probability
model in question can be directly tested against observations: if a pre-specified event
that the model says has (effectively) zero probability happens, then the model must be
wrong. This is Cournot’s principle, see Vovk (1993), Shafer (2007), and Shafer and Vovk
(2019, Ch. 10). In the former case, however, the true © will typically never be revealed,
so the probabilistic uncertainty quantification about © can’t be directly tested against
reality. But it can be indirectly scrutinized for reliability:

Even if an empirical frequency-based view of probability is not used directly
as a basis for inference, it is unacceptable if a procedure... of representing
uncertain knowledge would, if used repeatedly, give systematically misleading
conclusions. (Reid and Cox 2015)

In the present context, the “procedure” in question is a mapping z — Q. from data z to
a probability distribution Q. on T, and such procedure gives systematically misleading
conclusions if Qz(H) tends to be large, as a function of Z ~ Pg, when the hypothesis
is false, i.e., H Z ©. So, at a high level, a probabilistic quantification of uncertainty is
reliable if the “objective” Pg-probability that Qz(H) is large for false hypotheses H is
itself small. In symbols, but still only roughly, if I define the function

H — sup Pg{Qz(H) is large}, H C T,
0gH



then it’s clearly a desirable property of z — Q. that the right-hand side above be small for
all H C T. Importantly, a more precisely defined version of this function (see Section 2.4)
can be evaluated and used to assess the reliability of a given probabilistic uncertainty
quantification procedure. That these considerations assess the procedure’s reliability is
implied by Cournot’s principle, albeit from a different perspective than that above. In-
deed, since events with small Pg-probability effectively don’t happen, if the right-hand
side of the above display is small in the sense above, then Q7 won’t assign high probability
to false hypotheses, hence no “systematically misleading conclusions.”

2.3 Existing approaches

Default-prior Bayes. The idea of using equal probabilities as a default when genuine
information is lacking has a long history. It appears in the original work of Bayes (1763)
and was adopted by Laplace (1812) and other contemporaries, eventually acquiring the
name principle of insufficient reason (e.g., Stigler 1986, p. 127-129). Keynes (1921, Ch. 4)
later renamed it the principle of indifference, which he described as follows:

The Principle of Indifference asserts that... equal probabilities must be as-
signed to each of several arguments, if there is an absence of positive ground
for assigning unequal ones. (Keynes 1921, p. 45)

On the one hand, the above principle seems generally agreeable at least at first consid-
eration, and it has been used in all sorts of applications and generalized in various ways
(e.g., Jaynes 2003). On the other hand, the principle of indifference has been heavily
criticized by many authors, including Keynes and Fisher.

Jeffreys responded to Fisher’s criticism with a different perspective. Rather than
attempting to give a probabilistic description of ignorance, an impossible task (see Sec-
tion 2.4), he focused on the construction of otherwise justifiable default priors:

... find a way of saying that the magnitude of a parameter is unknown, when
none of the possible values need special attention (Jeffreys 1998, p. 117).

His efforts resulted in the now widely used Jeffreys priors (Jeffreys 1946), later shown
to yield posterior distributions with excellent large-sample properties (e.g., Datta and
Ghosh 1995; Welch and Peers 1963). Substantial generalizations of Jeffreys formulation,
in various directions, are now available (e.g., Berger et al. 2024). But despite this progress,
there’s still no general consensus about which—if any—default priors are “right,” so
apparently the fundamental problem remains unsolved; see Efron’s quote on page 20.

Fiducial and the like. A novel, non-Bayesian approach to probabilistic uncertainty
quantification was taken by Fisher (1930, 1933, 1935a,b)—what Savage (1961) famously
described as “a bold attempt to make the Bayesian omelet without breaking the Bayesian
egg.” T won’t get into details here, so I refer the reader to Zabell (1992) and Savage (1976)
for more on Fisher’s ideas and to Xie and Singh (2013), and Hannig et al. (2016), Schweder
and Hjort (2016) for some modern perspectives on fiducial-like inference.

Roughly, Fisher’s fiducial argument takes the model-based, parameter-dependent prob-
abilities assigned to events about the observable data, reinterprets the events as (data-
dependent) assertions about the unknown parameter, and then flips the aforementioned
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probabilities assigned to these events into subjective probabilities about the unknown
parameter, given the observed data. The adjective “fiducial”—which means founded on
faith or trust—that Fisher chose to describe his solution makes it clear that he under-
stood his was not a 100% sound mathematical argument. Fisher must have had in mind
some principle that justifies the aforementioned faith/trust in his fiducial probabilities
but, to my knowledge, he didn’t clearly state any such principle. Dempster (1963, 1964)
described it as a continue to regard operation; Hannig and others (e.g., Hannig et al. 2016;
Murph et al. 2024) coined it a switching principle where what’s random and what’s fixed
is switched. In any case, the fiducial argument involves a mix of mathematical reasoning
and application of principles, hence is not so much different than default-prior Bayes.
Thanks to Fisher’s fame and the mystery surrounding his proposed solution, the fidu-
cial argument received a lot of attention—and heavy scrutiny. Damaging blows to Fisher’s
formulation were delivered by Lindley (1958), Dempster (1963, 1964), and Buehler and
Fedderson (1963), but these demonstrations, while insightful, largely only confirm that
the fiducial argument is not mathematically sound. That the solution offered by Fisher
lacks mathematical rigor doesn’t mean that the problem is impractical, immaterial, or
impossible, hence fiducial inference remains a sort of Holy Grail for statisticians:

Fisher’s attempt to steer a path between the Scylla of unconditional behavior-
ist methods which disavow any attempt at “inference” and the Charybdis of
subjectivism in science was founded on important concerns, and his personal
failure to arrive at a satisfactory solution to the problem means only that the
problem remains unsolved, not that it does not exist. (Zabell 1992, p. 382)

2.4 Is probability theory right for the job?

That uncertainty quantification must be formulated using probability theory is almost
exclusively taken for granted, at least in the statistics literature. But it’s worth asking if
probabilistic uncertainty quantification is capable of achieving the reliability desiderata
described in Section 2.2. Spoiler alert—the answer to this question is No.

My claim is that probabilistic uncertainty quantification is incapable of achieving the
notion of reliability introduced in Section 2.2. For any mapping z — Q. that represents
a probabilistic quantification of uncertainty about the unknown ©, given Z = z, there
are false hypotheses H, i.e., H # O, such that Qz(H) tends to be large as a function
of Z ~ Pg. If a large T17(H) is interpreted as “confidence” in the truthfulness of H,
then the undesirable cases where H is false and Qz(H) is large can be characterized as
instances of false confidence, and it turns out that every form of probabilistic uncertainty
quantification—Bayes, fiducial, etc.—is afflicted by it. That is, however large a proba-
bility must be in order to instill confidence, there exists false hypotheses about which
the posterior instills confidence with arbitrarily high rate, hence a risk of “systematically
misleading conclusions.” The false confidence theorem below makes this precise.

Theorem 1 (Balch et al. 2019). Let z — Q, determine a data-dependent probability
distribution absolutely continuous with respect to Lebesgue measure on T. Define the
false confidence rate associated with z — Q. as

FCRq(a, H) =supPp{Qz(H) >1—a}, a€(0,1), HCT. (1)
o0gH
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Figure 1: A lower bound on the (empirical) false confidence rate o — FCRq(cy; H) of the
Bayes posterior corresponding to the hypothesis H stated in the text.

Then for any (o, 7) € (0,1)2, there exists hypotheses H such that FCRq(c, H) > 7.

In other words, whatever level 1 — « is needed to instill confidence in the truthfulness
of a hypothesis, there exists hypotheses H for which the false confidence rate FCRq (o, H)
is arbitrarily large. Since this is true for any probabilistic uncertainty quantification, the
false confidence phenomenon can’t be blamed on a poor choice of prior distribution, on
issues underlying Fisher’s fiducial argument, etc. It’s a shortcoming of probability theory
with respect to data-driven uncertainty quantification about unknowns.

A criticism that must be dispelled right away is that high false confidence rate is
only for “trivial” hypotheses, e.g., H being the complement of a set with zero Lebesgue
measure. It’s true that such “trivial” H are afflicted by false confidence since Q,(H) =1
for all z, but false confidence occurs for lots of seemingly innocuous hypotheses, not just
for these trivial ones. One of the many such examples is next.

Consider a simple linear regression model, where Z = (71, ..., Z,), with Z; = (X;,Y;)
and (Y | z;,0) = Poi := N(Bo + Bizi, 0?), for 0 = (Bo, f1,0%). As is customary, I'll
treat the x;’s as given constants that are fixed; in the simulation below, I sampled these
values independently from Unif(—2,2). A standard Bayesian default prior corresponds
to a certain choice of the conjugate normal-inverse gamma prior, so the corresponding
posterior inference is rather straightforward. To see how false confidence can creep in,
suppose one is interested in the hypothesis

H = {(ﬁ()aﬁlaoj) : _50/ﬁ1 > _1}’

which amounts to a hypothesis that the root of the regression function is larger than —1.
Suppose the true © is (0.3,0.1, 1), so that the above hypothesis is actually false. Figure 1
shows a plot of (a lower bound on) the false confidence rate oo — FCR(«r, H) associated
with this Bayesian posterior distribution based on 1000 data sets of size n = 25. Note
that even the lower bound is very high across the entire range of a. This tendency of
the Bayesian posterior to assign relatively high probability to a false hypothesis is what
creates a risk of systematically misleading conclusions.

The risk associated with formulating statistical uncertainty quantification in terms of
probability theory isn’t new. For example, Fraser (2013) writes
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[Xie and Singh (2013)] are thus recommending that we ignore the restriction
to confidence sets or equivalent, and free confidence to allow the production of
parameter distributions. Certainly distributions are easier to think about, are
largely in accord with Fisher’s original proposal, and are more in the freedom
of the Bayes approach, but they do overlook inherent risks...

These risks mainly concern unreliability that results when marginalization is performed
(e.g., Balch et al. 2019; Dawid et al. 1973; Fraser 2011a). When Schweder and Hjort
(2013) warn that “joint [confidence distributions| should not be sought, we think, since
they might easily lead the statistician astray,” they’re concerned that users won’t resist
the temptation to do the familiar probabilistic marginalization, thereby creating a risk
of unreliability. What causes false confidence or this risk of unreliability more generally
remains an open question. The current conjecture is that false confidence tends to occur
when the hypothesis concerns values of a non-linear function of the model parameters
(Martin 2024b), like the H above is a hypothesis about the ratio; the analyses in Fraser
(2011a) and Fraser et al. (2016) offer similar take-away messages.

2.5 If not probability theory, then what?

The issues related to the unreliability of probabilistic uncertainty quantification in the
context of statistical inference are general, not specific to any particular brand of prob-
abilistic uncertainty quantification. Therefore, to resolve these issues one must move
beyond probabilistic uncertainty quantification to something else. This “something else”
should be probability-like, so that uncertainty quantification still makes sense, but it
can’t be additive. Capacities, introduced in Choquet (1954), are non-additive set func-
tions, and I’ll show below that a special type of data-dependent capacity can achieve the
desired reliability properties that no ordinary probability can.

Loosely speaking, imprecise probabilities are normalized capacities having additional
properties making them suitable models for quantifying uncertainty. Examples that might
be familiar to statisticians include belief functions, first developed by Dempster (1966,
1967, 1968) and later formalized by Shafer (1976), which are infinitely-monotone ca-
pacities; the 2-monotone capacities that can be found in robustness investigations (e.g.,
Berger 1984; Huber 1973, 1981; Wasserman 1990b; Wasserman and Kadane 1990); and
the so-called generalized Bayes framework of lower previsions advanced by Walley (1991).
No specific details about these particular forms of imprecise probability will be needed
in what follows. Here I want to focus on imprecision itself and its role.

In textbooks, ordinary or precise probability theory is presented in the context of a
chance experiment—e.g., rolling an equally weighted six-sided die—where the specifics
are all clearly stated but the outcome can’t be predicted with certainty. Then probability
quantifies one’s uncertainty about whether the unpredictable outcome of the experiment
will satisfy such-and-such property. This type of uncertainty is aleatory. But what if
the experiment’s specifics weren’t all clearly stated? If there was ambiguity about the
to-be-rolled die’s configuration—e.g., maybe half of the faces are labeled with “3,” maybe
it’s asymmetrically weighted favoring “6,” etc.—then clearly there’s no single probability
that accurately captures uncertainty about the outcome. This ambiguity is an example of
epistemic uncertainty, and this can’t be accommodated using ordinary probability theory.
In the extreme case of ignorance about the die, applying the principle of indifference and



assuming equal probabilities on each face is unacceptable: how can the assessments not
differ between virtually orthogonal situations where one is ignorant about the die and
where one is sure that the die is fair? The issue isn’t the assumption of fairness, it’s
the belief that a single probability can capture both aleatory and epistemic uncertainty.
Imprecise probability aims to directly address the epistemic uncertainty, the specification-
ambiguity. So, imprecision is not an inadequacy due to a poor assessment; it’s about
making an honest effort to faithfully capture all of what’s uncertain.

A bit more specifically, an imprecise probability corresponds to a lower and upper
probability pair which, for our purposes here, is denoted by (P, P). That the two elements
of the pair are related to each other will become clear shortly (see, also, Section 3.2), but
generally neither are probability measures. The simplest interpretation of (P, P) is liter-
ally as lower and upper bounds on a collection of precise probabilities. For concreteness,
while still taking some mathematical liberties for the sake of conceptual clarity, consider
the die example above and let D denote the set of all the dice that could possibly be
used in the experiment; this set captures the epistemic uncertainty. Each die D € D has
an associated probability Pp quantifying the aleatory uncertainty about the outcome of
rolling die D. To also capture the epistemic uncertainty, one can use

P() = li)IéfD Pp(-) and P(.)= ;lélg Pp(:).

That (P,P) are linked together should now be clear—they're both tied to the collection
{Pp : D € D}. In the extreme case where one is ignorant about the to-be-rolled die,
the set D contains literally all possible dice and, consequently, P(4) = 0 and P(A) = 1
for all A & {@, @°}. More generally, it’s now clear that imprecise probabilities are more
nuanced than ordinary or precise probabilities, and the motivation behind this added
complexity is to properly handle both aleatory and epistemic uncertainty.

This is relevant to the present goal of uncertainty quantification about © because, with
a priori ignorance, epistemic uncertainty dominates. From this perspective, the idea that
data is sufficiently informative to justify a mapping from the vacuous imprecise prior—
complete ignorance—to a posterior that’s both fully precise and reliable is completely
unrealistic. Imprecision is imperative. Indeed, the generalized Bayes rule of Walley (1991)
applied to a fully vacuous prior returns a vacuous posterior, meaning it’s impossible
to learn (in a Bayesian way) when one is a priori ignorant; see, also, Kyburg (1987),
Walley (2002), and, more recently, Gong and Meng (2021). Non-Bayesian learning isn’t
susceptible to such criticism, but this upper hand apparently comes at the rather steep
price of having to abandon probabilism altogether in favor of procedures with no natural
fixed-data uncertainty quantification interpretation; see Zabell’s quote on page 6.

My claim is, however, is that many of these non-Bayesian learning strategies do cor-
respond to imprecise-probabilistic or, more specifically, possibilistic uncertainty quantifi-
cation, it’s just that no one has realized it. Although imprecise probability theory didn’t
exist when Fisher was active, there are passages in his texts that suggests he may have
anticipated an inexact or imprecise probability theory:

e “[A p-value] is more primitive, or elemental than, and does not justify, any exact
probability statement about the proposition” (Fisher 1973, p. 46)

e “It is clear, however, that no exact probability statements can be based on [confi-
dence limits]” (ibid., p. 74)



Presumably, non-Bayesians aren’t opposed to fixed-data uncertainty quantification in-
terpretations, they just don’t know how to justify this without going a Bayesian route
and possibly jeopardizing reliability. The developments described below show how to get
possibilistic uncertainty quantification that is both reliable and efficient.

3 Possibilistic inferential models

3.1 Perspective

An inferential model (IM) is a mapping z — (I1,,I1,) from data z to a lower and upper
probability pair, IT, and II,, defined on T to quantify uncertainty about the unknown O,
i.e., a model for uncertainty quantification and inference. This includes the probabilistic
approaches discussed earlier as a special case. But Martin and Liu (2013, 2015b) were
focused on IMs that are provably reliable, which requires special care and consideration,
so I'll follow their lead and not give too much attention to this general definition.

Martin and Liu’s original construction involved three steps. The first step was an
expression of the posited model via a data-generating process, or an association, say,
Z = a(©,U), between observable data Z, unknown parameter ©, and an unobservable
auxiliary variable U with a known distribution. The same association is used in Fisher’s
fiducial argument and in the generalizations proposed by Dempster (1967), Fraser (1968),
and Hannig et al. (2016). What’s different about the IM approach is that attention
focuses on the wunobserved value u of U, since the relation z = a(©,u) between the
observed data z and the unknown © must hold. The second step, unique to Martin
and Liu’s IM construction, is where imprecision is introduced: they quantify uncertainty
about the unobserved value u using the distribution of a suitable random set. Since
the distribution of U is known, it’s easy to ensure that this uncertainty quantification
about the unobserved w is reliable. Then the third step maps the random set for u to
a corresponding random set for ©, given Z = z, via the relation z = a(©,u), and the
reliability offered by the former is immediately transferred to the latter. Then uncertainty
quantification about ©, given Z = z, is based on the distribution of that latter random
set which, again, can be expressed as a belief function.

This general approach is quite powerful, offering provably reliable, prior-free imprecise-
probabilistic inference about O, which was arguably Fisher’s goal with the fiducial argu-
ment. But the general IM approach also has some limitations. First, it requires specifi-
cation of an association “Z = a(©,U),” which is not uniquely determined by the model
{Ppy : 6 € T}. Second, in order for the inference to be efficient, non-trivial efforts to ma-
nipulate the association and reduce the dimension of the auxiliary variable are required
(Martin and Liu 2015a,c). Third, a justifiably “optimal” choice of the random set for the
unobserved u has remained elusive. None of these on their own is a serious obstacle but,
in aggregate, they create a barrier preventing the use of IMs, at least by non-experts,
in practical applications. A different, generalized IM approach was advanced in Martin
(2015, 2018) that specifically avoids the aforementioned limitations, and it’s the recent
developments around this version of the IM construction that I'll focus on here.

One technical point concerning the random set-based construction is needed to pro-
vide background for what follows. Theorem 4.3 in Martin and Liu (2015b) says the only
admissible random sets for quantifying uncertainty about the unobserved u are nested,
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i.e., for any two realizations of the random set, one is is a subset of the other. While the
distribution of random sets can generally be described by belief functions, the distribution
of a nested random set corresponds to a special type of belief function, namely, a conso-
nant belief function; see, e.g., Shafer (1976, 1987). Consonant belief functions correspond
to possibility measures (e.g., Dubois 2006; Dubois and Prade 1988), and these are similar
to the probability distributions that statisticians are familiar with. Since the aforemen-
tioned theorem implies that efficient IMs must take the form of possibility measures on
T, I'll focus exclusively on possibilistic IMs; see, also, Liu and Martin (2024). Readers
unfamiliar with the basics of possibility theory should consult the brief Appendix A for
the background relevant to the statistical developments below.

3.2 Construction

The posited model {Py : § € T} and observed data Z = z determine a likelihood
0 — py(2) function and a corresponding relative likelihood

po(2)

R(z,0) = P02
0 = Gy o)

0eT.

I will assume throughout that the denominator is finite for almost all z. An imprecise-
probabilistic (in fact, possibilistic) interpretation can be given to the relative likeli-
hood directly, and this has been extensively studied (e.g., Denceux 2006, 2014; Shafer
1982; Wasserman 1990a). But the raw, relative likelihood-based possibilistic uncertainty
quantification has issues similar to those discussed above for probabilistic uncertainty
quantification—one apparently has no control on the false confidence rate. But the rela-
tive likelihood serves an important role, namely, ranking different parameter values based
on their compatibility with the observed data Z = z, which was the role that Fisher en-
visioned. Arguably the relative likelihood 6 — R(z, ) above is the “best” such ranking
function since it’s a minimial sufficient statistic; see, also, Remark 1 in Appendix C. But
this is not the only ranking function one might entertain; see Sections 5-6.

The second step of the possibilistic IM construction is “validifying” (Martin 2022a)
the relative likelihood (or other ranking function). This amounts to applying a version
of the probability-to-possibility transform (e.g., Dubois et al. 2004; Hose 2022), and it
returns the possibilistic IM’s contour function:

7.(0) = Po{R(Z,0) < R(z,0)}, 0€T. 2)

This is indeed a possibility contour since the function is (clearly) non-negative and satisfies
supy 7,(0) = 1; in fact, the supremum is attained at the maximum likelihood estimator,

0, = argmaxy R(z,0), i.e., m,(0,) = 1. The corresponding possibility measure, or upper
probability, is defined via optimization as

II,(H) =supm,(0), HCT. (3)
0cH
The corresponding necessity measure, or lower probability, is defined via conjugacy:
I,(H) = 1—1II,(H°. An example of 7, and its corresponding II, is shown in Fig-
ure 2. An explanation of how this new possibilistic IM construction is related to the
original random set-based IM construction is given in Appendix B.
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Figure 2: Illustration of a possibility contour 6 — m,(#) and how the possibility measure
I1, is determined from it. Here, the hypothesis H is the interval [3,5] and the maximum
value I1,(H) on contour is highlighted. Horizontal dashed line at v = 0.1 determines the
90% confidence interval Cy1(2) in (5).

More details follow, but the key point is that H — {II,(H),II,(H)} reliably quan-
tifies uncertainty about O, given Z = z. For example, H such that II,(H) is small are
implausible because the data provides little/no support in favor of the truthfulness of
“© € H” and, similarly, H for which II,(H) is large are not only plausible but believable
since the data provides strong support for the truthfulness of “© € H.”

3.3 Sampling-based reliability properties
3.3.1 Validity

The essential reliability property of the possibilistic IM is strong validity.

Theorem 2. The possibilistic IM is strongly valid in the sense that

%ng Po{mz() <a} <o, ac|01]. (4)

This corresponds to the familiar result for p-values and is a direct consequence of
the probability integral transformation taught in the basic math-stat course sequence.
While this and some—but not all-—of the results below might be familiar in the context
of p-values, it’s important to keep in mind that p-values are commonly used for isolated
significance tests, not as building blocks for a broad, mathematically rigorous framework
for reliable uncertainty quantification. Moreover, the results here align with familiar
p-value considerations only because I'm assuming vacuous prior information; the more
general case is covered in Martin (2022b) and discussed briefly in Section 7 below.

Strong validity has a number of important consequences. First, (4) immediately
implies that the upper « level set of the possibility contour is a 100(1 — «)% confidence
region. Note that Bayesian and fiducial credible sets can generally only reach confidence
set status asymptotically, as sample size approaches infinity. Figure 2 gives a depiction
of the upper level set C,(2), with v = 0.1.
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Corollary 1. The upper « level set of the possibilistic IM contour,
Co(2)={0€T:m.(0) >a}, «ac]0,1], (5)
is a 100(1 — a) % confidence set, i.e., supger Po{Cu(Z) Z 0} < av.

Second, a more basic property called validity, introduced in Martin and Liu (2013),
is naturally a consequence of strong validity and the relation (3) between the possibility
contour and the possibility measure. The possibilistic IM is said to be wvalid if

sup Po{Ilz(H) < a} <a, forallael0,1], HCT. (6)

0cH

In words, property (6) implies that it’s a small probability event that the IM assigns
small upper probability to a true hypothesis. Thanks to the relationship between the
IM’s lower and upper probability, this can equivalently be expressed as

supPp{llz(H) >1—a} <a, forallacl0,1], HCT.
ogH

Then, just like the interpretation of (6): it’s a small probability event that the IM assigns
large lower probability to a false hypothesis.

A natural question is why should the same quantity, «, appear both inside and outside
of the curly brackets in the above two displays. The reason is that the interpretation of
numerical probabilities is context-independent. That is, while what probabilities are
deemed “small” and “large” may vary from one individual to the next, a statement like
the probability is 0.1 means the same thing to a particular individual whether the topic is
tomorrow’s weather or the reliability of my data-driven uncertainty quantification about
an unknown ©. So, the scale on which the probabilities about © would be interpreted
is exactly the same as that on which the model-based probabilities about Z would be
interpreted. Hence, the same a—representing whatever value one interprets as “small”—
appears inside and outside of the probability statement in (6).

Validity in the sense of (6) has several important consequences concerning the con-
struction of hypothesis testing procedures and the control of false confidence rate. Con-
cerning the latter, while there’s no way to eliminate false confidence altogether, except by
refusing to learn, i.e., by setting II, = 0 for all z, it’s important to control FCR in terms
of the confidence threshold «. Bayesian and fiducial uncertainty quantification offers no
control over the FCR, but possibilistic IMs do.

Corollary 2. The possibilistic IM is valid in the sense of (6). Consequently:

o The test “reject H if 11,(H) < a” controls the Type I error probability at level c.

o [f¥CRy(a, H) is the false confidence rate associated with the possibilistic IM’s lower
probability z — 11,, analogous to (1), then FCRy(a, H) < « for all H C T.

Finally, while validity and strong validity were more-or-less treated as equivalent
properties in, e.g., Martin and Liu (2013, 2015b), it’s important to emphasize that strong
validity (4) is indeed stronger than validity (6). This was first established in Cella and
Martin (2023), where strong validity in (4) and a uniform-in-hypotheses version of (6)
were shown to be equivalent. See Remark 2 in Appendix C for further explanation.
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3.3.2 Efficiency

Validity is not the only reliability-relevant concept. In fact, validity is incredibly easy
to achieve—just take II,(H) = 0 and II,(H) = 1 for all z and all (non-trivial) H. The
problem, of course, with this latter choice is that the output exactly agrees with the
vacuous prior; nothing is learned from data. So the goal is to get the most out of the
available data but in such a way that reliability is preserved. I have already referred
and will continue to refer to this complementary notion of reliability as efficiency. The
issues here are fundamental, related to basic conceptual notions developed in the early
19th century by Legendre and Gauss concerning least squares and, more generally, the
combination of observations (e.g., Stigler 1986) and later, in the 20th century, sufficient
statistics, Fisher information, the Cramér—Rao lower bound, etc.

Carefully combining information across distinct sources is critical for efficient infer-
ence. In the early IM developments, Martin and Liu (2015a) handled this combination
manually, by suitably manipulating the association that links data Z, parameter ©,
and auxiliary variable U. They “rediscovered” classical dimension reduction techniques,
such as sufficiency and conditioning on ancillary statistics; they also developed some new
insights, beyond the scope of this review. While their manual approach offers greater flex-
ibility and, in turn, the potential for greater efficiency, this is often difficult to carry out.
The present construction, with relative likelihood-based ranking, automatically combines
observations in a way that’s “optimal,” at least in certain cases, without any manual
effort. The results reviewed below, from Martin and Williams (2025), show that the valid
possibilistic IM above is asymptotically efficient in a familiar sense. Consequently, the
IM’s exact validity (via imprecision) comes at no cost in terms of efficiency.

What’s summarized below is a possibility-theoretic version of the celebrated Bernstein—
von Mises theorem that appears in the Bayesian and (generalized) fiducial literature,
ensuring that the output is asymptotically Gaussian with covariance matrix that agrees
with the Cramér-Rao lower bound. The Bernstein—von Mises theorem is important for
Bayes and fiducial because it ensures that the credible sets are asymptotic confidence
sets. For the possibilistic IM, the contour’s level sets are automatically confidence sets
(Corollary 1), so Theorem 3 below strictly concerns the IM’s asymptotic efficiency.

To make sense out of this, I need to introduce the notion of a Gaussian possibil-
ity measure. Let g, denote the d-dimensional Gaussian probability density function,
parametrized by a covariance matrix v € R‘fd. Define the corresponding Gaussian pos-
sibility measure as the outer possibilistic approximation (e.g., Dubois and Prade 1990,
and Appendix A) of N4(0,v). Equivalently, the Gaussian possibility measure is just the
probability-to-possibility transform of a Gaussian distribution, with contour

Yy) =P{g.(Y) < gu()} =1—Fa(y'v'y), y R Y ~Ng(0,v0),

where F is the ChiSq(d) distribution function. Since we’re concerned with large-sample
approximations, replace the generic Z by a vector Z" = (Zy,...,Z,) of iid components,
and write wz» for the IM’s possibility contour. The general theorem in Martin and
Williams (2025) says that, under conditions comparable to those in Le Cam (1970), 7z»
and a suitable Gaussian possibility contour—one whose variance agrees with the Cramér—
Rao lower bound—merge with probability converging to 1 as n — oo. Below is a simpler-
to-state version that assumes the stronger conditions typically found in textbooks.
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Theorem 3 (Martin and Williams 2025—simpler version). Under the usual Cramér
conditions, the possibilistic IM’s contour wzn satisfies

Suplﬂ-Z'n(éZn + J_imu) —(u)| = 0 in Pg-probability as n — oo,

uel

where U is an arbitrary compact subset of R, 04 is the mazimum likelihood estimator,
Jzn is the observed Fisher information matrix, and ~y is the standard Gaussian possibility
with identity covariance matriz.

For further details, discussion, and illustrations, see Martin and Williams (2025). To
summarize, at least when prior information about the model parameter © is vacuous
and there’s no explicit priority for one assertion about © versus another, the relative
likelihood-based possibilistic IM is both exactly valid and asymptotically optimal in the
classical sense of matching the Cramér—Rao lower bound. But beyond this standard case,
improvements may be possible, and that’s the focus of Sections 5-6 below.

3.4 Conditional, fixed-data properties

While it’s natural and important to consider the sampling-based properties of the IM out-
put, an often overlooked advantage of (imprecise) probabilistic uncertainty quantification
is that it offers a fully conditional, fixed-data interpretation. This angle isn’t often treated
in the literature on default-prior Bayes, (generalized) fiducial, IMs, etc. Unfortunately, I
also don’t have the space here for a careful treatment, but see Appendix D.

3.5 Computation

Until recently, only naive and relatively inefficient strategies for computing the IM contour
were available. In particular, the go-to strategy was to approximate m, via

M
1

m.(0) ~ MmZ_l H{R(Zns,0) < R(z,0)}, 0€T, (7)

where Z,, ¢ are independent copies of data Z, drawn from Py, for m = 1,..., M. The

above computation is feasible at a few different 6 values, but all the practically relevant
calculations—e.g., identifying the confidence set in (5)—require evaluation over a fine
grid covering the relevant portions of T, and this is expensive. Some improvements to the
basic strategy above were presented in Hose et al. (2022). Strategies based on asymptotic
approximations are also available, and discussed briefly in Remark 3 in Appendix C.

Martin (2025b) recently developed a new and efficient IM computational strategy.
That proposal replaces (most of) the naive contour evaluations in (7) with Monte Carlo
sampling from a sort of “posterior distribution” derived specifically from the IM output—
not via Bayes’s theorem. The starting point for these developments is what’s call the
credal set (e.g., Levi 1980, Ch. 5) associated with the IM output. In general, the credal
set is just the collection of precise probabilities that are dominated by a given upper
probability; in our present notation, this is defined as

¢ (11.) = {Q. € probs(T) : Q,(H) <II,(H) for all measurable H}, (8)
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where probs(T) is the set of all probability measures supported on (the Borel o-algebra
of) the parameter space T. Since I, is a possibility measure, there are simpler charac-
terizations of the elements of €'(I1,) in (8). Indeed, a now-classical characterization (e.g.,
Couso et al. 2001) of a possibilistic credal set is

Q. e C(IL) = Q{Cu(2)}>1—a, alacl0l], 9)

where C,(z) = {0 : 7,(0) > a} is defined in (5). Since {C,(z) : a € [0, 1]} is a collection
of confidence sets and since each element Q, in € (I1,) assigns probability at least 1 —a to
the 100(1 — a)% confidence set, it’s fair to describe the elements of € (I1,) as confidence
distributions. Among these confidence distributions, clearly the “best” approximation Q}
of II, is one that achieves equality in the far-right inequality in (9), i.e.,

Q{Cu(2)}=1—0a, a€]0,1]. (10)

From the information provided so far, it’s not at all clear what form the elements of
% (11,) have and how the equality in (10) might be achieved. This leads to a more specific
characterization, given in Martin (2025b), which is similar to but different from those in
Wasserman (1990b) and in Hose (2022): Q, € €(I1,) if and only if

Q.() = / KE() M. (dB), (11)

for some collection of probability distributions {K? : 3 € [0,1]} such that K? fully sup-
ported on Cy(z) for each 5 € [0,1], and some probability measure M, on [0,1] such
that a random variable with distribution M, is stochastically no smaller than Unif(0, 1).
From this characterization, it’s easy to check that a distribution Q} € %(Il,) satisfies
(10) if and only if M, is Unif(0,1) and K? is fully supported on the boundary, 9Cs(2),
of the confidence sets Cp(z) for each g € [0,1]. If such a Q} exists, then it’s called the
inner probabilistic approzimation of I1,; see, also, Dubois and Prade (1990). Existence
is typically not an issue (see Martin 2025b, for these details), but the inner probabilistic
approximation is not unique. In the spirit of Keynes’s principle of indifference, Martin
(2025b) recommends taking K? to be Unif{0Cj(2)}. To summarize, a draw (O | 2) ~ QZ,
the inner probabilistic approximation, can be obtained by follow these two steps:

1. sample A ~ Unif(0,1);
2. sample (O | z, A = a) ~ Unif{0C,(z)}.

See the gamma example below and those in Appendix E. The second step is simple
to state but non-trivial to carry out, in part because the boundary 0C,(z) isn’t readily
available. Martin (2025b) proposed a simple work-around, which is to bound the level set
C.(2) by a suitable ellipsoid, say, C'7(z), indexed by a vector o of scaling parameters, in
the sense that C,(z) C C7(z) for some o. In light of the asymptotic normality established
in Theorem 3, the level set C,(z) should be approximately ellipsoidal, so there should be
no trouble finding an ellipsoid C7(z) in which C,(z) fits snugly. The appropriate choice
of ¢ would generally depend on both z and «, so I'll write it as o(z,a). See Figure 3
for an illustration. The key point is that sampling from the boundary of an ellipsoid is
easy, so if the ellipsoid is a good, not-anti-conservative approximation, then Step 2 can
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Figure 3: Approximating the IM contour’s a-level set C,(2) by an ellipse C7(z) with a
“good” choice of o (solid) and with a “bad” choice of o (dashed).

be reasonably approximated without sacrificing validity. Details about the choice of o
can be found in Cella and Martin (2025) and Martin (2025b). Finally, the samples of
O drawn according to the above procedure—which are “probabilistic” in the sense that
they can be used to approximate probabilities—are transformed back into a possibility
measure using an empirical version of the probability-to-possibility transform described
in Appendix A; for full details, see Martin (2025b, Sec. 3.4).

3.6 Examples

Normal Example. The particular example considered here-famous for several reasons—is
an analysis of Charles Darwin’s data on the difference between cross- and self-fertilized
plants. This is the same example that appears in Fisher (1935¢, Ch. 3). Context of the
experiment aside, the data z consists of n = 15 differences in plant heights; the units are
eighths of inches. For simplicity, I'll model these as iid P = N(©1,032), i.e., as normal
random variables with unknown mean and standard deviation, ©; and Oq, respectlvely
The maximum likelihood estimators are 02 1 = 20.93 and 92 9 = 36.46, respectively, and
the relative likelihood is

R(z,0) = <é§’2)n/2 exp{——n(éz’1 —0) 2(93_2 - 1) }, 01 €R, 05> 0.

Note that R(Z,6) is a pivot when Z consists of iid samples from Py. Although the
distribution doesn’t have a name or a simple form, it is easy to simulate and, therefore,
the validification step can easily be done via Monte Carlo. A plot of the possibility
contour 7, for Darwin’s data is shown in Figure 4(a). For comparison, samples from
the Bayesian posterior distribution based on Jeffreys prior is shown in the background in
gray. Both are pointing the same direction, but only the possibilistic IM offers reliable
uncertainty quantification guarantees.

Gamma Ezample. Consider the systems reliability application in Hamada et al. (2004)
that involves the breakdown times of n = 20 machines. At the 5% significance level, the
Kolmogorov—Smirnov test cannot reject the null hypothesis that these data are gamma,
so I'll construct a possibilistic IM for © = (01, ©,), the shape and scale parameters of a
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Figure 4: Plot of the joint IM contour for © = (©1,02) in the two examples presented
in Section 3.6. In both plots, the solid line is the possibilistic IM contour and the gray
points are samples from the Jeffreys prior Bayes posterior. Dashed line in Panel (b) is
explained in the text.

gamma model. It is easy to sample from a gamma distribution, and also easy to evaluate
the relative likelihood, so the naive approximation (7) of the IM contour is likewise easy;
but carrying out these “easy” calculations over a sufficiently fine grid in the (6y,6s)-
space is rather expensive, but the strategy in Martin (2025b) discussed in Section 3.5
is more efficient. A contour plot of this approximation of 7, is shown in Figure 4(b).
For comparison, I also show the large-sample Gaussian approximation (dashed line) and
samples from a Bayesian posterior distribution using Jeffreys prior (gray points). All
three solutions point to roughly the same regions in the (6, 6;)-space that plausibly
contain ©, and the shapes are similar. Again, only the solid curves are backed by theory
that guarantees reliability of uncertainty quantification.

4 Implications for frequentists and Bayesians

4.1 For frequentists

There are good reasons for frequentists to abandon probabilism. The list of reasons in-
cludes the reliability-related warnings given in Section 2.4 above, foundational issues as
detailed in Mayo (2018), and practically relevant points concerning probabilism’s lack of
flexibility, e.g., “The idea that statistical problems do not have to be solved as one coher-
ent whole is anathema to Bayesians but is liberating for frequentists” (Wasserman 2008).
But abandoning formal uncertainty quantification altogether because of the shortcomings
associated with probabilism is extreme—Ilike throwing the baby out with the bathwater.
Indeed, this abandonment is both unnecessary and harmful.

I'll address the “unnecessary” claim first. Frequentists have their favorite solutions
to classical problems, so naturally they’re reluctant to consider new frameworks that
propose different solutions to these classical problems. But the likelihood-based possi-
bilistic IM described above often exactly agrees with the classical solution (modulo proper
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marginalization, if necessary; see Section 5). Moreover, the likelihood-based formulation
can easily be generalized (Section 6), providing more flexibility and broader agreement
between the possibilistic IM solutions and go-to frequentist solutions. Even more gen-
erally, the result formally stated and proved in Appendix G says roughly the following:
for any test or confidence procedure concerning any feature ® = f(©) of the full param-
eter © that has frequentist error rate guarantees, there exists a valid possibilistic IM for
© —full uncertainty quantification!—that yields a test/confidence procedure for ® that is
at least as good as the given procedure. This result, which generalizes similar results in
Martin and Liu (2014) and Martin (2021a), has an important consequence: there are
no genuine frequentist solutions—including those in classical textbooks and those that
haven’t been conceived of yet—that are out of the possibilistic IM framework’s reach.
Therefore, frequentists are already using possibilistic IMs, so nothing about the proposed
brand of uncertainty quantification can be objectionable to them; but they aren’t taking
full advantage of all that possibilistic IMs have to offer, which I'll discuss next.

That frequentists abandoning formal uncertainty quantification is harmful has been
widely documented; several recent issues of The American Statistician have been devoted
to this. The confusion described there stems from textbooks emphasizing that p-values
and confidence intervals have no probabilistic interpretation and then not offering an
alternative interpretation. Without an interpretation, there are at least two ways things
can go. Some researchers will craft their own interpretations, but a multitude of different
interpretations can only create confusion. Other researchers will simply accept that there
is no meaningful interpretation, making statistical analysis a protocol one blindly fol-
lows, i.e., a “cult of statistical significance” (Ziliak and McCloskey 2008). This confusion
and/or blind trust leads to misuse of statistical tools and, perhaps more importantly,
encourages researchers to focus on the relatively narrow scientific questions that they
believe can be answered with the simple textbook protocols. Fortunately, this confusion
can be overcome, since the frequentist—IM connection offers a simple and mathematically
rigorous interpretation of p-values and confidence intervals. Fisher was correct when he
said that p-values and confidence intervals warrant no “exact probability statements”
about ©, but that doesn’t mean no statements are warranted. Borrowing Shafer’s de-
scription of upper probabilities as measures of plausibility, the aforementioned connection
immediately implies that p-values can be interpreted as the plausibility of Hy, given data
z and confidence sets can be interpreted as the set of parameter values that are all indi-
vidually sufficient plausible, given data z. This is precisely how p-values and confidence
sets are used in practice, and now there’s a mathematically rigorous justification for that
interpretation. This is the interpretation of p-values and confidence sets that I teach in
my courses, even the introductory-level courses—no need for any technical details about
imprecise probability, etc.—and this has been well-received by students.!

'For example, a masters student who took my linear models course sent me an email after the
course was completed with the following remark after her job interview: “I wanted to let you know that
your discussion of plausibility in ST503 made it easier for me to explain what a p-value is when I was
interviewing. Thank you for the new perspective on the subject!”
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4.2 For Bayesians

In contrast to frequentists, Bayesians are committed to probabilism. Such a commitment
is warranted when genuine prior information is available, but otherwise it’s questionable.
Since no prior probability distribution that faithfully represents ignorance, no default-
prior Bayesian posterior distribution can be “correct” in any sense—“[Bayes’s theorem)]
does not create real probabilities from hypothetical probabilities” (Fraser 2014). More-
over, even for the pragmatic Bayesian that isn’t concerned about his/her posterior distri-
bution being “correct” still must accept the lack of reliability guarantees from the false
confidence theorem. For these and perhaps other reasons, Efron (2013) wrote:

...perhaps the most important unresolved problem in statistical inference is
the use of Bayes theorem in the absence of prior information.

Insisting on probabilism is a constraint on the quality and reliability of uncertainty quan-
tification. To emphasize this point, the Society of Imprecise Probabilities Theory and
Applications has a motto that reads: there is more to uncertainty than probability. The
IM formulation openly accepts this limitation of probabilism and acknowledges that,
while there is no single “correct” or fully reliable posterior probability distribution in the
absence of prior information, there is a set of posterior probabilities that is justifiably
reliable, and that set can be characterized by a possibility measure.

Understandably, the reader might be uncomfortable with imprecise probability and,
for the sake of simplicity, prefer the familiar probabilistic uncertainty quantification de-
spite its shortcomings. But there are many ways to construct probabilities, and focusing
solely on “prior times likelihood” constructions is again a constraint on the quality of
uncertainty quantification. The new idea in Martin (2025c) is to approzimate the IM’s
possibilistic output by a probability distribution. Below I give an overview.

Recall the inner probabilistic approximation Q} which, if it exists, satisfies the condi-
tion (10). Then such a Q7 is exactly probability matching in the sense that its credible
sets are confidence sets. Typically, the default-prior Bayes solutions can only achieve this
credibility—confidence matching asymptotically. Moreover, under the usual regularity
conditions, Q} inherits a probabilistic Bernstein—von Mises theorem from the underlying
IM’s possibilistic version (Theorem 3), which implies that the solution Qf is asymptot-
ically efficient and, therefore, the exact probability matching isn’t due to being overly
conservative. And while the inner probabilistic approximation generally isn’t a Bayesian
posterior under any prior, there are cases in which a direct Bayesian connection can be
made. In particular, for the so-called invariant statistical models (see, e.g., Eaton 1989;
Schervish 1995, Ch. 6), the Bayesian posterior based on the right Haar prior is an inner
probabilistic approximation of the possibilistic IM (e.g., Martin 2023a, 2025¢).

To summarize, the limitations of probabilism when prior information is absent, to-
gether with the aforementioned benefits of possibilism, warrant abandoning the former
in favor of the latter. But even if one insists on probabilism, the Bayesian-style “like-
lihood times prior” construction itself has limitations: if there was a magical, default
prior that solved Efron’s problem, then surely that would’ve been found by now. So,
the solution to that problem will likely come from a completely different perspective, one
where the posterior isn’t arrived at by application of Bayes’s theorem. Maybe Q} is the
no-Bayesian-eggs omelet that solves Efron’s “most important unresolved problem”?
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5 Eliminating nuisance parameters

Basu (1977) wrote that “Eliminating nuisance parameters from a model is universally
recognized as a major problem of statistics.” Little has changed since Basu’s time—the
frequentist impossibility results in, e.g., Gleser and Hwang (1987) and Dufour (1997), and
the general unreliability of Bayesian inference as discussed above imply that marginal in-
ference is challenging and requires careful treatment. The possibility-theoretic perspective
here offers some new insights, which I discuss below.

A general operation performed in (imprecise) probabilistic inference is eztension,
where uncertainty quantification about one unknown is extended to a related unknown
using the uncertainty quantification framework’s calculus. In possibility theory, the rel-
evant calculus is optimization, hence this is the operation used to carry out extension.
Following Zadeh (1975, 1978), the building block of the possibilistic extension principle is
optimization-based rule for marginalization: using the present notation and terminology,
if © is unknown, with z-dependent quantification of uncertainty given by the possibilistic
IM with contour 7, and if & = ¢(©) is a feature of ©, then the corresponding extension-
based marginal IM contour for ® is defined as

T (¢) = sup 7. (0), ¢ € g(T). (12)
0:9(0)=¢

While the formality leading up to (12) might be unfamiliar, the operation being carried
out is one that statisticians use without second thought: to test a composite hypothesis,
one can maximize p-values over all the simple hypotheses that it consists of.

Extension-based marginalization is conceptually simple and reliable in the sense that
it preserves the IMs strong validity property like in Theorem 2. That is, for any mapping
g, if 72%9 is the marginal IM contour for ® = g(©) as defined in (12), then

sup Po{7,"(g(0)) < a} <a, «a€l0,1].

0eT
The simplicity and generality of this strategy are advantageous. But without any tailor-
ing to the specific problem or feature of interest, one should expect the corresponding
extension-based marginal IM to be rather conservative.

When interest is in a specific feature ® = g(0), it makes sense to modify the ranking
step in the IM construction. The rationale is that the goal is to rank values ¢ of ® in
terms of their compatibility with the data—how compatible (z,#) pairs are is no longer
directly relevant. In line with possibility theory’s optimization-centric perspective, a
natural strategy is to use a relative profile likelihood:

Rz 0) = sup R(z0), ¢€g(D),

where R is the relative likelihood used previously. Then the validification step as usual
completes the construction of a profile-based marginal possibilistic IM for ®, with contour

7O) = s PolR™(Z,6) S R™(6)), o€ g(T) (13)

Note that the outer supremum is needed because, while the relative profile likelihood
R™(Z, ¢) only directly depends on ¢, its distribution depends on the model parameter,
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Figure 5: Plots of the marginal IM contours—extension-based (dashed line) and profile-
based (solid line)—for the mean ® in the normal and gamma examples. Gray line in
Panel (b) is explained in the text.

which is not fully determined by ¢. As before, it is easy to show that strong validity is
preserved under this profile-based marginal IM construction. The rationale behind why
including an optimization in the ranking step is generally superior in terms of efficiency
compared to optimizing post-validification step is subtle and I refer the interested reader
to Martin (2022b) That profiling tends to be more efficient than extension is easy to
see in specific applications; see below. Martin and Williams (2025) show that, while
both the extension- and profile-based marginal IM constructions enjoy a large-sample
possibilistic Bernstein—von Mises theorem, the latter’s limiting Gaussian generally has a
smaller variance, hence its greater efficiency.

Normal Example (cont). Here I'll revisit the normal example based on Darwin’s data
as analyzed in Fisher (1935c, Ch. 3). Here, suppose that the interest parameter is
® = g(©) = O, the mean of the normal distribution. Since this study involved paired
data, the mean ® corresponds to the difference between the means of the two marginal
populations paired together. Figure 5(a) shows the extension-based (dashed) and profile-
based (solid) marginal IM contours for ®. The latter, profile-based contour ¢ — 7L%(¢)
exactly corresponds to the p-value for testing Hy : ® = ¢ based on the two-sided Student-t
statistic or, equivalently, the probability-to-possibility transform of the sampling distribu-
tion of that Student-t statistic. Therefore, the value at ¢ = 0 is exactly the usual t-test’s
p-value which, in this case, is about 0.0495. Note that the profile-based contour is more
tightly concentrated, e.g., the 95% confidence interval determined by the horizontal line
at a = 0.05 is narrower, hence the profile-based marginal IM is more efficient.

Gamma Ezample (cont). Here I revisit the previous analysis of the data in Hamada et al.
(2004). Here the focus is inference on the mean ® = 0,0, of the gamma distribution.
Two kinds of marginalization can be carried out—extension-based and profile-based—
and both of these are shown Figure 5(b). As above, the extension-based contour, which
is simple to derive from the joint contour shown in Figure 4(b), turns out to be much
wider and lacks the efficiency of the profile-based solution. Figure 5(b) also shows the
“exact” profile-based marginal IM contour (gray line) based on the brute-force strategy
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in (7). I call this “exact” because that strategy produces pointwise unbiased estimates of
the contour. I'm showing these two curves here to highlight the accuracy of the sampling-
based Monte Carlo strategy of Martin (2025b) described briefly in Section 3.5: the two
solid lines in Figure 5(b) are almost indistinguishable.

Further discussion and illustrations of the profile likelihood-based IM solution are
given in Appendix F. Despite its advantages over extension-based marginalization, it’s
important to emphasize that the profiling-based marginalization isn’t universal, i.e., there
are cases in which profiling is sub-optimal. Issues arise, as expected, when there are many
nuisance parameters, like in the famous examples of Neyman and Scott (1948) and of
Stein (1959); see Martin (2023b, Sec. 3.6). More specifically, the profile-based marginal
IM is always valid, but the efficiency deteriorates as the number of nuisance parameters
increases. The reason is that maximum likelihood estimators tend to be inconsistent
when the number of nuisance parameters diverges; since the profile-based marginal IM
contour’s peak is at the maximum likelihood estimator, if this is off-target, then a wider
contour is needed to cover the relevant range than if the peak was on-target. The remedy
is to replace the relative profile likelihood-based ranking with something else, such as a
marginal or conditional likelihood (e.g., Severini 1993, 1994, 1998), but so far this has
only been addressed on a case-by-case basis (Martin 2023b). It deserves to be mentioned
a second time that the aforementioned IMs are always valid—unlike Bayes and fiducial,
which can be misleading in nuisance parameter problems—so the question is how to
properly rank the interest parameter values so that inference is efficient.

Finally, the ideal cases are those where the relative profile likelihood R™*(Z, ¢) is a
pivot under Py with ¢(f) = ¢, since the distributional dependence on the parameters
drops out and the computationally challenging supremum on the outside can be omitted.
The relative profile likelihood is a pivot in some cases, and approximately so in many
other cases—thanks to Wilks’s theorem—but not always. When that supremum can’t
be ignored, certain adjustments or approximations may be needed. Below are two such
“tricks” to side-step the optimization in (13) that will be used in Section 6 below.

Trick 1. One simple and general strategy for eliminating nuisance parameters is condi-
tioning. A familiar example of this is Fisher’s exact test, where the p-value is obtained
using the conditional distribution of the test statistic, given the observed value of what
is a sufficient statistic under the null. By definition, the conditional distribution of data
given a sufficient statistic doesn’t depend on the parameter, hence the nuisance parame-
ter is eliminated. The present goal isn’t getting a p-value to test a hypothesis, but the
relevant computations are similar and, therefore, the same strategy can be employed.

Trick 2. Strictly speaking, the supremum on the outside of (13) isn’t necessary. Indeed,
the practically-out-of-reach contour defined as

T (¢) = Pe{R"™(Z,9(0)) < B™(2,4)}, ¢ € g(T),

which has no supremum, leads to a strongly valid marginal IM. I say that this is out of
reach because, of course, evaluation requires knowledge of © or at least the true nuisance
parameter. But this out-of-reach formulation suggests a simple strategy for constructing
a marginal IM that is approximately valid. That is, for the above case, and for the one
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where 6 naturally decomposes as (¢, \), set

~

T (@) = Py {R™(Z, 9(02)) < R™(2,¢)}
T (9) = Py s AR™(Z,0) < B™(2,0)},

where 0. and ), are (maximum likelihood) estimates of the full parameter © and of
the nuisance parameter A, respectively. Strategies of this type have a bootstrap flavor
(Section 6) and have been applied successfully by Cahoon and Martin (2020, 2021) in
meta-analysis and survival analysis applications. Improvements to this simple proposal
that would be “closer to valid” include, for example, optimizing over nuisance parameters
in a neighborhood of A, in the spirit of Berger and Boos (1994) and Xiong (2017). These
improvements will be investigated elsewhere.

6 IMs in more general contexts

6.1 Key technical extension

An apparent limitation of the above proposal is that its emphasis on relative likelihood
implicitly assumes a statistical model {Py : § € T} is available. Machine learning ap-
plications, for example, tend to avoid such model assumptions. A simple but important
observation, one that’s been applied in various contexts—including Section 5 above—is
that validification doesn’t require the ranking to be based on relative likelihood. That is,
while the posited model’s likelihood function determines the “optimal” choice of ranking
relative to that model (Remark 1 in Appendix C), there may be other factors that suggest
a different choice. Here are a few key instances:

e If data are coming from multiple sources, e.g., in a meta-analysis or a divide-and-
conquer regime (Hector et al. 2025), and in the form of summary statistics, it may
not be possible to compute the full likelihood.

e More generally, the posited model might not determine a likelihood function for the
parameter of interest, e.g., in quantile regression.

e If partial/incomplete prior information about © is available—see Martin (2022b)
and Section 7 below—or if the problem’s context suggests some hypotheses are
higher priority than others (e.g., Liu and Williams 2025; Yang et al. 2023), then
there’s reason to modify the likelihood-based ranking function.

Here I'll briefly describe this simple-but-important technical extension, and then I’ll apply
it to some relevant problems; see, also, Appendix H.

Relax the assumption that © is the true parameter in a posited statistical model,
by saying only that there is a true distribution P and that © € T is the true value of
the functional 7 : & — T applied to P, where & is some specified subset of probs(Z),
not necessarily a parametric model. Consider a ranking function p : Z x T — R such
that large values of p(z,60) indicate that data z and feature 6 are compatible in some
meaningful way. More detailed example will be given below, but a simple case is where
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p(z,0), where z = (21,...,2,) and z; = (w;,¥;), represents the negative residual sum of
squares corresponding to a fit of some regression function with parameters 6, i.e.,

p(z,0) = — Z{yz — mp(x:)}°.

Note that this setup doesn’t assume a parametric model for the data or that the mean
structure imposed by myg is “correct.” Specification of p completes the ranking step of
the IM construction, and the validification step proceeds just like in Section 5. That is,
since this is effectively a marginal inference problem in which all but the feature 7(P) of
P € &7 is a nuisance parameter to be eliminated using the aforementioned recipe:

m.(0)= sup P{p(Z,0) <p(z,0)}, 0¢€T. (14)
PeZ:7(P)=0

It is easy to verify that this IM is still strongly valid (relative to &) in the sense that

sup P{mz(7(P)) < a} <a, «a€]l0,1].

Pe#
Further details about this general IM formulation are given in Appendix H. It’s expected
that the Bernstein—von Mises theorem in Martin and Williams (2025) established for the
likelihood-based possibilistic IM can be extended to cover some more general cases like
described here, but the details remain to be worked out.

The challenge, of course, is evaluating the supremum in (14), and this boils down to

making strategic choices of p and/or applying the marginalization tricks in Section 5.
Interesting and practical examples of both cases will be discussed next.

6.2 Inference on risk minimizers

Let Z" = (Zy,...,Z,) be iid random variables with distribution P. Consider a loss
function (z,0) — fy(z) that measures how (in)compatible a parameter value 6 is with a
data point z, where large values correspond to a loss due to incompatibility of 6 and z.
Of interest is the minimizer © of the risk, i.e.,

0= argmeinr(H), where 7(6) = /Eg(z) P(dz).

The risk—or expected loss—function depends on the true P and, of course, so does ©. But
data Z™ carries relevant information about © and so the goal is to quantify uncertainty
about the risk minimizer ©, given the observed data Z" = 2".

Situations like this are common in statistics and machine learning. Aside from the fa-
miliar squared error loss, which is used when the goal is inference on the mean (function),
other common examples include classification problems with zero—one loss

l(z) =y =cp(x)}, 2z=(z,y),

for a posited classification function ¢y parametrized by 6, and quantile regression problems
with the check loss, depending on a specified quantile level u € (0, 1),

lo(z) ={y —qo(x)} [u— Hy < go(2)}], 2= (2,9),
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where gy is a posited quantile function.
The standard approach replaces the unknown risk function with its empirical version,

1 n
ron(0) = HZ&;(ZZ-), 0eT.
i=1

Then the empirical risk minimizer, ézn = argming 1.~ (f) is the natural estimator, often
called an M-estimator in the statistics literature. Generalizing the strategy based on the
relative likelihood above, here I use the empirical risk function to rank the parameter
values, thus completing the ranking step:

p(z",0) = —{ra(0) —=rn(0)}, €T

Unfortunately, the validification step is highly non-trivial since it involves an optimization
over all P’s having a given value of the risk minimizer. The recommendation in Cella
and Martin (2022a), which is equivalent to an application of “Trick 2” in Section 5, is to
replace the true P with ﬁzn, the empirical distribution, in the validification step. That
is, they propose the possibilistic IM with contour function

T (0) = Pon{p(Z",0.) < p(2",0)}, 6 €T.

Note that the data-driven plug-in shows up in two places: one is obvious on the outside of
the probability statement; the other is more subtle since, inside the probability statement,
the “true” risk minimizer is replaced by the empirical risk minimizer because now, with
respect to P.», the latter is the “true” risk minimizer. To be clear, in the above display,
Z" is an iid sample from P.., which is equivalent to sampling with replacement from
the observed z"—hence a connection to the bootstrap (e.g., Davison and Hinkley 1997;
Efron 1979; Efron and Tibshirani 1993). So, what’s proposed here boils down to the
construction of a sort of bootstrap-based marginal possibilistic IM for the risk minimizer.
The cost of plugging in the empirical distribution is that exact validity no longer holds,
at least not in general. But Cella and Martin (2022a) prove an asymptotic validity result
and show empirically that the validity property—which is only guaranteed to hold in
large samples—typically holds even in rather small samples.

Admittedly, the solution described above is not fully satisfactory, since validity only
holds approximately, as the sample size converges to infinity, instead of exactly in finite
samples. But I think there is plenty of room for improvement here, hence my interest
in presenting this less-than-fully-satisfactory solution in the present review. Indeed, my
conjecture is that the asymptotic validity described above is higher-order accurate, i.e.,
the convergence of mzn(©) to uniformity is faster than the usual root-n rate. More
generally, I'm certain that variations on the above proposal that are at least “closer to
exactly valid” are within reach. I hope this review inspires others to contribute their own
ideas to solve this important and challenging open problem.

6.3 Prediction

To showcase the flexibility of the IM formulation, here I'll consider a different sort of
problem, namely, prediction. Assume that Z" = (Z;,..., Z,) consists of iid observations
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from a common distribution P, and that the goal is to predict the next observation Z,, ;.
The setup here can be generalized in at least two directions: first, all that’s required is
the Z-process is exchangeable; second, if Z; = (X;, Y;), then it’s easy to accommodate the
case of predicting Y,, 1 based on a given X, and the observed Z". It’s just for simplicity
of presentation that I focus on the simple iid case. The prediction problem can be viewed
as an extreme case of marginal inference, where the entirety of P is a nuisance parameter
to be eliminated. A very common method in the statistics and machine learning literature
these days is conformal prediction (e.g., Shafer and Vovk 2008; Vovk et al. 2005). A close
connection between conformal prediction and IMs has already been demonstrated in Cella
and Martin (2022b,c), and what I present below offers new perspectives.

Like above, if 2™ is the observed data, then the goal is first to rank candidate values
Zn+1 of the next observation in terms of their compatibility or conformity with 2. This
will be done via a ranking function p : Z™ x Z — R such that large values indicate higher
compatibility /conformity. For example, suppose that Z,» is a point prediction of Z, .,
based on data z"; this can be anything, but a reasonable example in this iid case might
be Z,n =n~t Y " | 2, the sample mean. Then the ranking function would be

p(znv Zn—i-l) = _d('%Z"7 Zn+1)7

where d > 0 is a distance on Z. The only other constraint on p is that it be symmetric in
its first argument: that is, p(z", z,11) doesn’t depend on the order of the data 2. With
p satisfying the ranking step, the validification step (temporarily) looks like

Wln(znﬂ) = Sl,ip P{o(Z", Zps1) < p(2", 2n11)}s 20 € Z,

where the supremum is over all marginal distributions for the iid Z-process or, more
generally, over all exchangeable joint distributions. Note that the right-hand side above
involves a probability calculation with respect to the joint distribution of (2", Z,11). It’s
easy to verify that this predictive possibilistic IM is strongly valid, i.e.,

sup P{7l(Zo11) <o} <a, a€(0,1), alln>1. (15)
P

The problem, again, is that the supremum over P in the definition of ﬂin is computa-
tionally infeasible. Fortunately, the structure of the problem allows for a not-so-naive
implementation of the IM construction, one that sidesteps the above computational dif-
ficulty but without sacrificing on finite-sample strong validity in (15).

As suggested at the end of Section 6.1, a certain conditioning operation can facilitate
the elimination of nuisance parameters. The key insight is that, under the “hypothesis”
that Z,.1 = 2,41, the set of values {z1, ..., z,, 2ns1 }—or, equivalently, the empirical
distribution—is a sufficient statistic. By conditioning on the sufficient statistic, as in
“Trick 1”7 from Section 5, the dependence on the unknown P is eliminated, thereby sim-
plifying computations. The new predictive possibilistic IM contour is given by

Ton(2n41) = sUp P[P<Zna Zn1) < p(2", 2nq1) [ {21, -5 2, Zn+1}]
P

1 o(l:n n
= G 2 MR o) < (" 2},
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where the sum is over all (n 4+ 1)! many permutations, o, of the integers 1,...,n,n + 1.
Finally, since p is symmetric in its first argument, the right-hand side above simplifies:

n+1
7Tzn<2n+1 Z { ﬁjla < p(Z ZnJrl)} Znt1 € Za

where z"7' = {z"*1}\ {z;}. The reader will surely recognize the right-hand side above
as the so-called “transducer” or “p-value” output produced by the inductive conformal
prediction algorithm. In particular, a result establishing what is equivalent to the pre-
diction validity property in (15) can be found in Corollary 2.9 of Vovk et al. (2005).
The derivation above, which makes use of conditioning on and sufficiency of the empir-
ical distribution more closely resembles that in Faulkenberry (1973) and, more recently,
Hoff (2023). That one can arrive at the very powerful conformal prediction methodology
through an IM-driven line of reasoning is quite remarkable.

7 Conclusion

This paper surveys some of the recent developments in possibilistic inferential models
(IMs). Most importantly, IMs offer Bayesian-like fully conditional uncertainty quan-
tification which certain frequentist-like calibration properties that imply, among other
things, that tests and confidence procedures derived from the IM’s output control fre-
quentist error rates. Neither of the mainstream approaches to statistical inference are
able to achieve both the Bayesian-like and frequentist-like goals, so what distinguishes
the IM framework is its reliance on imprecise probability, specifically possibility theory.
Fisher hinted that significance tests and confidence intervals warrant “no exact proba-
bility statements” but he offered no mathematical explanation for this claim. By being
precise about the role played by imprecision, I'm now able to rectify what Efron (1998)
playfully referred to as “Fisher’s biggest blunder,” namely, fiducial inference. I must
also emphasize, again, that embracing imprecision doesn’t lower the quality of inference
and uncertainty quantification—possibility theory is mathematically and philosophically
sound and the imprecision prevents false confidence, keeps us honest. Moreover, the
new possibilistic Bernstein—von Mises theorem ensures that, at least asymptotically, the
possibilistic IM solution is efficient. Much of the discussion here and in the references
cited focuses on uncertainty quantification about the parameters in a statistical model,
but Section 6 describes the first steps towards pushing IMs beyond this relatively narrow
case, making key connections to other fundamental ideas in the literature.
Unfortunately, not every recent development could be included in this review. Next
is a brief list of topics that weren’t covered in this review. First, uncertainty quantifi-
cation has many uses, and one important application is decision-making. Following the
von Neumann—Morganstern program, the Bayesian framework starts with a loss function,
which evaluates the quality of an action for a given parameter value, and then seeks an
action that minimizes the expected loss, averaging over parameter values with respect
to the posterior distribution. The fiducial framework proceeds similarly (e.g., Taraldsen
and Lindqvist 2013). Possibilistic IMs using Choquet integration is a new approach to
assessing the quality of an action in terms of an upper expected loss, and the correspond-
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ing decision-theoretic framework offers certain reliability guarantees that Bayesian and
fiducial theories don’t (Martin 2021b, 2025a).

Second, this review focused on quantifying uncertainty about the parameters specific
to a given statistical model. But it’s often the case that the model itself is uncertain,
and this corresponds to an extreme form of marginal inference—all of the model-specific
parameters are nuisance. Preliminary work on IMs in this context can be found in Martin
and Liu (2015b, Ch. 10) and Martin (2019). What’s missing in these first IM attempts
is a penalty on model complexity. Bayesians achieve this complexity penalization via
prior distributions, and the fiducial efforts control this complexity manually (e.g., Han
and Lee 2022; Hannig and Lee 2009; Lai et al. 2015; Shi et al. 2021; Su et al. 2022; Wei
and Lee 2023; Williams and Hannig 2019; Wu et al. 2021). My view is that penalizing
model complexity is motivated by a (prior) belief that the true model is relatively simple,
and, while mathematicizing vague, partial beliefs like these is impossible using probability
theory, it is easy to do using imprecise probability theory. So, forthcoming work will show
how to treat vague beliefs like “sparsity” as incomplete prior information, formulated as
an imprecise probability, and incorporate these into the IM construction resulting in
provably reliable uncertainty quantification about the model itself.

Third, I've assumed here that prior information is vacuous. While this is a standard
context in the statistical literature, it’s arguably rare that investigators literally know
nothing about the quantity they aim to infer. The trouble is that it’s equally rare for the
available information to be sufficiently complete that it justifies a particular prior distri-
bution for inclusion in a Bayesian analysis. The model complexity penalization discussed
above is a good example—one might believe a structural assumption like “sparsity,” but
maybe don’t know anything about the structure-specific parameters. If the only options
are to embellish on what’s known to create a precise prior distribution, or ignore what’s
known and assume prior information is vacuous, then the latter is a safe choice. But the
relaxed perspective here on uncertainty quantification offers an alternative path, one that
encodes exactly the available prior information, however vague or incomplete it might be,
as an imprecise probability for inclusion in the analysis. This induces a special type of
regularization that allows for efficiency gains while retaining validity. These details are
being developed in the series of working papers by Martin (2022a,b, 2023b).

There are far too many open problems to list out here, but below are a few that seem
particularly interesting, touching on theory, methods, computation, and applications.

Question. Which statistical hypotheses are afflicted with false confidence? There is strong
theoretical and empirical support for the claim that false confidence is caused by non-
linearity, i.e., it’s a consequence of probabilistic marginalization through non-linear func-
tions of the full model parameter. But a precise characterization of what these hypotheses
look like and how severe the affliction will be remains elusive.

Question. What about IMs constructed based on models learned from training data? The
IM literature assumes that the model form is given, which is somewhat unrealistic. It’s
common in machine learning to use training data to learn about certain aspects of the
data-generating process, and then use that partially-trained model for inference and pre-
diction. In the present context, the ranking and/or the validification step can depend on
training data. What can be said about the reliability of IMs constructed in this way?

Question. How to scale up to higher dimensions? The validity results presented in Sec-
tion 3.3.1 hold for all sample sizes and all parameter dimensions; the only result that
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assumes the model is “low-dimensional” is Theorem 3 on efficiency. So, concerning scal-
ing up to higher dimensions, the question boils down to computational and statistical
efficiency. In high-dimensional problems, statistical efficiency is achieved through proper
regularization, as discussed above, and work in this direction is in progress. From a
computational perspective, new ideas are needed to leverage cutting edge strategies from
both optimization and Monte Carlo integration. I don’t expect that brand new ideas are
needed, so a good start would be novel combinations of different ideas. To be fair to IMs,
Bayesians and frequentists have been working on high-dimensional problems for a while,
and the relevant computational challenges haven’t really been “solved”—we generally
know how to attempt optimization and sampling in high-dimensional problems, but we
generally can’t prove that these attempts actually work.

Question. What about causal inference, differential privacy, etc? Exciting applications
nowadays involve causation (e.g., Imbens and Rubin 2015; Pearl 2009), data privacy
considerations (e.g., Awan and Wang 2024; Garfinkel 2025), etc. There’s no fundamental
barrier preventing IMs from contributing in these directions, especially given the extension
in Section 6 above. It’s just a matter of working out the details.

I’ll end with some very high-level thoughts about IMs and the potential role that they
have to play in artificial intelligence (AI). Of course, Al is concerned with computational
systems having the capability to perform tasks typically associated with human intel-
ligence, such as learning, reasoning, problem-solving, perception, and decision-making.
It’s not unreasonable to lump this under the broad umbrella of data-driven uncertainty
quantification. Indeed, some psychologists (e.g., Gigerenzer and Murray 1987; Juslin et al.
2007) model cognitive processes as (intuitive) statistical inference: questions are posed,
relevant data are collected, and judgments are made based on data, assumed models,
etc. An AI-IM connection is surely difficult to see at this point, in large part because
the IM constructions discussed here are specifically tailored for statistical applications.
But the underlying idea—uncertainty quantification with reliability guarantees—is more
general and has broader appeal/applicability. Indeed, the deep learning models employed
in modern Al applications are arguably just “fancy nonparametric regression models,”
so the IM details discussed in Section 6 above and in the supplementary material are
clearly relevant. In any case, just as Shafer’s efforts to develop what was later called
“Dempster—Shafer theory” independent of the probabilistic language and statistical fo-
cus in Dempster’s early work found real Al applications in the 1980s, I'm optimistic
that there’s a sufficiently general IM formulation that can meet the “reliable uncertainty
quantification” needs of modern Al.
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A Possibility theory primer

Possibility measures (e.g., Dubois and Prade 1988) are among the simplest forms of
imprecise probability, closely linked to fuzzy set theory (e.g., Zadeh 1978) and Dempster—
Shafer theory (e.g., Cuzzolin 2021; Shafer 1976, 1987). Some applications in statistics
are described in Dubois (2006). Probability and possibility theory differ philosophically
and mathematically, but here I'll only briefly discuss the latter; for a discussion of the
former, the presentation in Shackle (1961) is clear and compelling.

The mathematical differences between probability and possibility theory can be suc-
cinctly summarized as follows: optimization is to possibility theory what integration is to
probability theory. That is, a possibility measure II defined on a space T is determined by
a function 7 : T — [0, 1] with the property that sup,.7(¢f) = 1. This function is called
the possibility contour and the supremum-equals-1 property is a normalization condition
akin to the integral-equals-1 property of probability densities. Then the possibility mea-
sure is determined by optimizing its contour, i.e., II(A) = sup,c 4 7(t), for any A C T,
just like a probability measure is determined by integrating its density.

The different calculus has a number of implications. One is that the aforementioned
supremum-equals-1 normalization condition ensures that II is a coherent upper proba-
bility (e.g., De Cooman 1997a; De Cooman and Aeyels 1999; Walley 1997) in the spirit
of Walley (1991) and others. This means that II determines a non-empty (closed and
convex) set of ordinary probabilities that it dominates:

¢ (I1) = {Q € probs(T) : Q(H) < II(H) for all measurable H }, (16)

where probs(T) is the set of probabilities supported on (the Borel o-algebra of measurable
subsets of) T. The set €' (II) is called the credal set and all (coherent) upper probabil-
ities have an associated credal set. Aside from being relatively simple, an advantage of
possibilistic uncertainty quantification is that the associated credal set has a statistically
oriented characterization, which is important and beneficial for statistical applications.

Finally, if II is interpreted as an upper probability, then there is a dual lower proba-
bility, IT. This dual is called the necessity measure and is given by I1(A) = 1 — [I(A°),
A C T. This can be interpreted as a measure of support for or confidence in the truth-
fulness of an assertion A. But since II and II are linked together through the above
relationship, it suffices to work with just one and I prefer to work with II; this is why the
lower probability IT hardly appears in this review.

A possibility-theoretic notion and operation relevant to the IM developments in this
review is the probability-to-possibility transform (e.g., Dubois et al. 2004; Hose 2022;
Hose and Hanss 2021). Consider a random variable T with probability density function
f supported on a space T. Suppose one wants to approximate the probability distribution
P that quantifies uncertainty about 7" by a possibility measure—how would this be done?
The probability-to-possibility transform, i.e.,

m(t) =P{f(T) < f(t)}, teT,

is the best such approximation in a sense to be described. But, first, notice that the
probability-to-possibility transform resembles a p-value calculation. I hope that this
(and the forthcoming explanation of why this kind of construction is “best”) helps to
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explain why the possibilistic IM construction above shares some similarities with p-values.
That is, the possibilistic IM construction isn’t designed to line up with p-values, that’s
just what the “best” possibilistic approximations happen to look like. Also notice that
what the formula in the above display is doing is assigning possibility values to match
certain tail probabilities. This should help explain why, in Section 3.5 above, I propose
to approximate the possibility measure by a probability distribution that agrees with
the former in the tails—I'm just inverting the probability-to-possibility transform. To
understand in what sense the possibility measure II with contour 7 as in the above display
is the “best” approximation of P, the credal sets are needed. For II to be a reasonable
approximation of P, it makes sense that the credal set €'(II) should contain P. Moreover,
the “best” possibilistic approximation should correspond to that having the smallest
credal set that contains P. It turns out that the possibility measure II determined by the
contour in the above display satisfies

¢ (1) CE (1) for all II'" with P € €(IT").

For details, see Dubois et al. (2004, Theorem 3.2) and Hose (2022, Sec. 3.1.4). The
intuition behind this notion of “best” is that, while I'm apparently willing to introduce
some degree of imprecision when approximating a probability by a possibility, there’s no
rationale for introducing more imprecision than is absolutely necessary to capture P in
the corresponding credal set.

As an example, Section 3.3.2 in the main text introduced what Martin and Williams
(2025) called the Gaussian possibility measure. This is nothing but the probability-to-
possibility transform applied to a given Gaussian probability distribution. Then the
interpretation of the Gaussian possibility is that it’s the possibility measure with the
smallest credal set that contains the given Gaussian probability distribution.

B Connecting old and new IM constructions

The original IM formulation advanced in Martin and Liu (2013) involves a three-step
construction. The first step, called the association step, gives an explicit link between
the observable data Z, uncertain parameter ©, and unobservable auxiliary variable U,

which I'll write here simply as
Z =a(0,U),

where a is a known function and U is a random variable with a known distribution,
denoted by P(W)| say. The interpretation is that the above relationship, together with
the knowledge that U ~ P() describes how data are generated according to the posited
model. Of course, for a given model, there are lots of different ways to simulate from that
model, so the association is not unique; more on this below. This is exactly the start-
ing point for Fisher’s fiducial inference, Dempster’s generalization, Fraser’s structural
inference, Hannig’s generalized fiducial inference, among others. Excluding impractically
simple problems, all of the aforementioned approaches require some pre-processing before
the relationship in the above display can be used for inference, but I won’t describe these
steps here; suffice it to say that this pre-processing involves making certain transforma-
tions, conditioning on features of U that are observed, etc. The point that I want to
make is that all of the above approaches, in one way or another, aim to treat U as a
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random variable both before and after Z is observed. Of course, if U is interpreted as
the generator of the data, then U is random before Z is observed; but once Z = z is
observed, U is more-or-less fixed at a value depending on the unknown ©. Fiducial-like
approaches argue that there’s little difference between being fized at an unknown point
and being random, so, for given Z = z, they invert the above relationship to write © as a
function of the known z and assumed-to-be-random U, yielding a probability distribution
for ©. This is where fiducial-like inference frameworks and the IM frameworks differ.

The IM framework explicitly acknowledges that there’s a fundamental difference in the
meaning and form of uncertainty associated with a variable U being fized-but-unobserved
and being random. The point is that, if the above display is a description of the data-
generating process, then knowing both Z and U would effectively allow one to solve for
©. While Z = z is observable, it is impossible to know the value of U that corresponds
to © and Z = z. It is possible, however, to reliably predict? where the unobserved U is
positioned, but not using ordinary probability: for example, drawing new values U’ from
PW) wouldn’t work because actually hitting the target U is a probability-0 event. Martin
and Liu’s second step, the prediction step, introduces a random set S, taking values in
the power set of the U-space, that is designed to have positive (if not large) probability of
hitting the unobservable target U. Again, the point is that a meaningful /reliable inversion
of the relationship in the above display requires that the actual unobserved value of U
be pinned down. This can be achieved with a suitably constructed random set S, but
not with random draws from a probability distribution. This is an important step and
offers some insights as to the need for imprecision in statistical inference. That is, Martin
and Liu’s prediction step amounts to quantifying uncertainty about the unobservable U,
given Z = z, using a random set rather than a probability distribution. And since the
distribution of random sets can be described by belief functions, possibility measures,
and other forms of imprecise probability, the connection becomes clear.

Finally, once the association that determines the unobservable U and the random set
for predicting said U are specified, the final step in the IM construction, the combination
step, puts the different pieces of information together. Specifically, for a realization of
the random set S, define

T.(S) = [ J{0: 2 = a(6, u)}.
ueS
This is a data-dependent subset of the parameter space and, as a function of the random
set S, T.(S) is also a random set. Then the distribution of this random set is the vehicle
through which inference is carried out. For example, if H is a relevant hypothesis, then
the corresponding upper probability is determined by

IL(H) =PST(S)NH #@}, HCT,

where P(®) is the user-specified distribution of the random set S, designed to meet certain
easy-to-satisfy calibration criteria that I won’t discuss here; see Martin and Liu (2013)
for details. If these S-calibration conditions are met, then the IM achieves validity like

2Arguably a better word for this is “postdict” (e.g., Dempster 1971; Gelman et al. 1996) since the
guessing is being done after the value of U is chosen and the value Z = z is observed, but that’s an
awkward and unfamiliar word so I won’t use it here.
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in (6) above, i.e.,

supPo{llz(H) <a} <o, a€c(0,1], HCT.
0cH

I've admittedly skipped some of the technical details behind the original IM construc-
tion here, but those details can be found in Martin and Liu (2013, 2015b) and the other
references cited above. What’s more important here in the context of this review is
the new perspective that can be offered: key to achieving the desired goal of reliable
(imprecise-)probabilistic inference without prior information is acknowledging that prob-
ability theory is inadequate, that there’s a fundamental difference between a unknown
fixed value and a random value, and that statistical inference involves the former case
and hence a more flexible framework for quantifying uncertainty. All that said, carrying
out the above three steps to construct an IM for inference in real applications can be
challenging, and that’s what motivated the developments surveyed in this review.

Theorem 4.3 in Martin and Liu (2015b) is a key result implying that the random set
S should be nested, i.e., for any two of its possible realizations, one is a subset of the
other. By “should be nested” I mean that for any non-nested random set, there exists a
nested random set such that the corresponding IM is at least as efficient; in other words,
IM constructions using non-nested random sets are inadmissible. Since nested random
sets are equivalent to possibility measures, another way to view this IM construction is
as a choice to quantify uncertainty about the unobservable auxiliary variable U using a
possibility measure, and this perspective was explored in Liu and Martin (2024).

Whether one prefers the construction in terms of (nested) random sets or possibility
measures, the fact remains that there infinitely many choices of these inputs that re-
sult in a valid IM. This begs an important practical question: how to choose the random
set/possibility measure? One of the issues leading to the multitude of different and appar-
ently acceptable choices is that there’s no unique association between data, parameters,
and auxiliary variables. What Martin and Liu recommended was to reduce the dimension
of auxiliary variable as much as possible or, in other words, choose an association that
could be expressed in terms of an auxiliary variable of lowest possible dimension. This
dimension-reduction step can make us of various techniques, as described in Martin and
Liu (2015a), related to but more general than classical notions like sufficiency, condition-
ing on ancillary statistics, etc. Additional opportunities for dimension reduction may be
possible when the goal is marginal inference on an interest parameter in the presence of
nuisance parameters, as explained in Martin and Liu (2015¢). Unfortunately, and not
surprisingly, even after putting in the effort to reduce the dimension of the auxiliary
variable as much as possible, there’s still no obvious/right /optimal choice of random set.
Early efforts focused on constructing optimal random sets when the inferential goal was to
assess a particular hypothesis H about the uncertain ©. In certain cases at least, connec-
tions could be drawn between this optimal random set and uniformly most powerful tests,
but both the former and the latter are restricted to certain kinds of (low-dimensional)
hypotheses. Another downside to these efforts is that the optimal random set for a given
H need not be the optimal random set for another H’ and, since the goal of the IM
framework is to reliably and broadly/coherently quantify uncertainty, having a different
IM for each hypothesis kills the breadth/coherence of the overall approach.

Martin (2015, 2018) took a different approach. Rather than specifying an association
the fully characterized the data-generating process, he instead formed an association be-
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tween data, parameters, and a scalar auxiliary variable. This extreme form of dimension
reduction is possible only because the direct connection to the data-generating process
is lost. But with an appropriate choice of summary—the relative likelihood—all the rel-
evant information in the data about © can be preserved, suggesting that this is not a
serious sacrifice. Indeed, to my knowledge, there are currently no examples showing that
the approach based on a (reasonable) generalized association as described above is grossly
inferior to that based on the formulation in Martin and Liu (2015b). To the contrary,
there are many examples that are out of reach for the original IM formulation that can
be readily handled using the generalized IM formulation (e.g., Cahoon and Martin 2021).

An advantage of the generalized association advanced in Martin (2015, 2018)is that
there’s really only one reasonable choice of random set, hence the aforementioned am-
biguity is gone. This creates an opportunity to formulate a theory that parallels the
(generalized) fiducial and objective Bayes theories that offer a normative approach to
statistical inference, one where the theory itself guides the construction of a solution to
new problems. To me, this was a major advancement.

The possibilistic IM formulation considered here is technically no different than the
generalized IM formulation offered in Martin (2015, 2018). What’s new in recent years,
and the motivation behind writing this review paper, is the connection to imprecise
probability theory in general, and possibility theory in particular. Without this con-
nection, it’s easy to interpret the proposal as a variation on or extension of significance
testing, a derivative of classical frequentist hypothesis testing theory. But the goal is
broad, coherent, and reliable uncertainty quantification, and the connection to a formal
mathematical framework that fits with these desiderata is critical to the developments.
Imprecise probability and possibility theory also provide guidance on how to solve other
problems related to inference, including prediction and formal decision-making, although
these topics aren’t covered in depth in this review. That same theory also provides some
clues on how one can generalize from the “vacuous prior” case in consideration here, and
this work is currently under development. Finally, possibility theory also sheds some light
on the optimality of the relative likelihood-based construction advocated for here in the
review. The interested reader is referred to Section 4 in Martin (2022b).

C IM-relevant technical remarks

Remark 1. Here I aim to justify the claim made in the main text that the relative
likelihood-based IM construction is “right” or “optimal,” at least in cases when prior
information is vacuous and there’s no justification for prioritizing one hypothesis about
O over another. For this, I’ll appeal to some more general results and principles, related to
some of the details presented in the possibility theory review in Appendix A; I'll assume
that the reader is familiar with the notation and terminology from there. This is based
on the arguments in Martin (2022b, Sec. 4.2), which itself closely follows the presentation
in Hose (2022, Sec. 2.3.2.1).

What I refer to as the “ranking function” in the main text is called a plausibility order
in Hose (2022). For the general random variable 7' ~ P in T, write this plausibility order
as p: T — R, with larger values of p(t) indicating higher plausibility. For a given p, there
is an optimal possibility measure whose contour is given by t — P{p(T") < p(¢)}. Prin-

35



cipally, this is based on the Principle of Plausibility which states that “what is plausible
must be possible.” Mathematically, this choice of possibility contour is “optimal” in the
sense that its corresponding credal set is the smallest among all those possibility measures
whose credal sets contain P and whose contours respect the ordering determined by p.
That we should desire small credal sets is motivated by the Principle of Expressiveness
or Principle of Maximum Specificity (e.g., Dubois and Prade 1986). So, when it comes
to forming a possibilistic representation, the choice comes down to the ranking function
or plausibility order p. For this, one can appeal to the Principle of Representation which
says “what is probable must be plausible,” which suggests that plausibility orders be
determined by probability density/mass functions. This highlights the probability-to-
possibility transform described in the main text and also in Appendix A as the “right” or
“optimal” choice for approximating a probability distribution by a possibility measure;
see, also, Theorem 3.2 in Dubois et al. (2004).

The statistical context looks a little different only because we interpret likelihood
and density functions differently. But the likelihood can be viewed as an “upper density
function” when prior information about © is vacuous, and then the use of the likelihood
function for ranking (Z, ©) pairs is natural. One last issue is that the likelihood is ranking
0 values for given Z, so there’s a sort of “conditioning” step that’s required. Motivated
by minimal sufficiency and a desire to avoid the ambiguities associated with conditioning
in possibility theory (e.g., De Cooman 1997b), the normalized or relative likelihood is
used. For a more detailed explanation, the reader is referred to Martin (2022b, Sec. 4.2).

Remark 2. As stated in the main text, strong validity is indeed stronger than validity; the
reason is because strong validity is equivalent to a version of the basic validity property
that’s uniform-in-hypotheses. In words, strong validity implies that it’s a small probability
event that the IM assigns small upper probability to any true hypothesis, even those
chosen by an adversary and/or depending on data. In mathematics,

sup Pg{I1z(H) < o for some H with H 36} <a, «€][0,1].
0eT

This reveals how the IM’s uncertainty quantification is more than significance testing.
Cella and Martin (2023) argue that this uniformity helps bring to practical use the philo-
sophically appealing notions of probing laid out in Mayo (2018).

Remark 3. One very simple strategy for approximating the IM contour function is based
on the new possibilistic Bernstein—von Mises theorem presented in Section 3.3.2. This
boils down to a simple Wilks-style chi-square approximation:

m.(0) ~ 1 — Fy(—2log R(z,0)), 6€TCR

where Fj; is the ChiSq(d) distribution function. The right-hand side is effectively a
closed-form expression, and is often quite accurate, even for moderate or small sam-
ple sizes. Even more sophisticated approximations using Bartlett corrections, etc. can
be employed, as discussed in, e.g., Schweder and Hjort (2016, Ch. 7). But large-sample
approximations are not fully satisfactory. Ideally, there’d be a middle-ground between
the effective-but-expensive strategy in Equation (7) of the main text and the too-simple
large-sample approximations above. That’s what the sampling-based strategy in Martin
(2025b) reviewed in the main text aims to achieve.
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D Conditional, fixed-data properties of IMs

Famously and provocatively, de Finetti (1990, p. x) starts his treatise on probability by
saying “Probability does not exist.” What he means is that probability doesn’t exist in
any non-subjective sense, that probability is a mental construct that depends on one’s
subjective assessments and judgments. He further argues that, while individuals have
inherent beliefs, accurately eliciting these degrees of belief is unrealistic. Therefore, de
Finetti focuses on what individuals do rather than what they think, and suggests relating
probabilities to prices an agent is willing to pay, or accept as payment, for a ticket that
pays $1 if a given uncertain event happens (or a given hypothesis is true) and $0 otherwise.
What mathematical properties should an agent’s pricing system satisfy?

Dutch book theorems, advanced in Ramsey (1926), de Finetti (1990), and Savage
(1972), state that if, say, my pricing system doesn’t satisfy the properties of a (finitely
additive) probability, then I can be made a sure-loser, i.e., another agent can find a
finite collection of gambles which are all acceptable to me but together will result in me
losing money no matter what happens/is true. Whether the betting context is real or
artificial, quantifying uncertainty via a system susceptible to sure-loss is understood to be
irrational. This makes a compelling argument in favor of probabilism. Indeed, Bayesians
apparently have strong reason to resist my proposed transition from probabilistic to
possibilistic uncertainty quantification: taken at superficial face value, since possibility
measures aren’t finitely-additive, the Dutch book theorems imply that those employing
possibilistic reasoning can be made sure losers.

There is, however, an important condition in these Dutch book theorems that’s easy
to overlook: they assume that, for each gamble, the agent is willing to buy and sell the
corresponding $1 ticket for the stated amount. Such a condition makes sense under the
symmetry resulting from perfect information. But if, for example, there is a collection of
different dice that could be rolled, but I don’t know which one specifically, then I should
base my buying and selling prices for the gamble that pays $1 if the die lands on “6”
on the lower and upper probabilities of landing on “6” over the collection of possible
dice, respectively. If one accounts for this asymmetry, then the Dutch book theorems can
be generalized: an agent whose system consists of bounds on acceptable buying/selling
prices, expressed as an imprecise probability satisfying some very mild conditions (see
below), is safe from being made a sure-loser (e.g., Walley 1991, Ch. 2). Intuitively, bets
based on imprecise probabilities are more cautious than bets based on ordinary/precise
probabilities, so if the latter is safe from sure-loss, then the former must be too. Therefore,
imprecise-probabilistic reasoning, despite not being finitely-additive, isn’t subject to the
criticism implied by a face-value interpretation of those classical Dutch book theorems.

Returning to the statistical inference context of the present paper, while none of the
(imprecise) probabilistic uncertainty quantification perspectives requires subjective prior
distributions, all are subjective in de Finetti’s sense: whatever distribution for ©, given
Z = z, the data analyst chooses is indeed his/her choice and can’t be considered “objec-
tive” in any meaningful sense. One might then ask how do these different perspectives
stack up in terms of de Finetti’s subjectivist considerations. Default-prior Bayes and
(generalized) fiducial return ordinary probabilities, so these are safe from sure-loss for
any fixed z. In the case of IMs, for fixed z, I can construct a pricing system out of my
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IM output as follows:

IT,(H) = my supremum buying price for $1(© € H), given z
II,(H) = my infimum selling price for $1(0© € H), given z.

Here and elsewhere, 1(E) denotes the indicator function of the event E. The idea is as
follows: if another agent is selling $1(© € H) for less than II,(H), then I'd buy it from
him/her; if another agent is willing to buy $1(© € H) for more than II,(H), then I'd
sell it to him/her; otherwise, the gamble is “too risky” so I’d neither buy nor sell. Since
the possibilistic IM above satisfies the aforementioned “very mild conditions,” it follows
that, for each fixed z, this IM-based pricing system is also safe from sure-loss.

I emphasized “for any fixed 2z” because there are more extensive notions of coherence
that consider potential losses incurred when gambles are made first based on prices deter-
mined a priori, then prices are updated in light of observation Z = z, and later debts are
settled. This involves properties of the “(prior, data) to posterior” mapping, and such
considerations are more interesting when prior information is non-vacuous; these cases
are beyond the present review’s scope, but see Martin (2022a,b).

What are those “very mild conditions” mentioned above? Analogous to the collec-
tion of dice in the motivating example in the main text, define the collection of precise
probability distributions compatible with the imprecise probability (I1,,11,), i.e.,

¢ (11.) = {Q. € probs(T) : Q,(H) < II,(H) for all measurable H},

where probs(T) is the set of all probability measures supported on (the Borel o-algebra
of) the parameter space T. This is called the credal set (e.g., Levi 1980, Ch. 5) associated
with the imprecise probability pair (II,,1I,), defined in (8) and discussed in Section 3.5
in the main text. The individual elements Q. generally depend on z because the upper
bound II, does. The same credal set can be defined in terms of the lower probability
I1,, just with the inequality “<” reversed. Then the aforementioned mild condition is
that the credal set be non-empty, that there is at least one precise probability compatible
with the given imprecise probability. The idea is that if there exists a probability Q.
such that the (IT,,II,) pricing system is more cautious than Q,, then the former’s safety
from sure-loss implies the same of the latter. For possibility measures in general, which
includes the possibilistic IMs in particular, the credal set being non-empty corresponds
to a very simple condition concerning the contour, namely, sup, 7.(0) = 1 (e.g., Troffaes
and de Cooman 2014, Prop. 7.14). As was mentioned in the construction, this holds for
the possibilistic IM, hence no sure-loss.

The IM output can also be evaluated with respect to the classical statistical principles,
such as the sufficiency, conditionality, and likelihood principles. The short explanation
is that the relative likelihood-based possibilistic IM satisfies the sufficiency principle—
what Mayo (2014) and others refer to as the weak likelihood principle—but it does not
automatically satisfy the conditionality and likelihood principles. As Martin (2024a)
explains, this is not a shortcoming, but I point the reader to that paper for further
explanation.
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E More examples

E.1 Binomial regression

I'll focus here on a common example involving binomial regression, namely, the o-ring
failure experiment associated with the 1986 crash of the Challenger space shuttle. In this
study, 6 tests were conducted at a range of different temperatures (z) and the number
of o-ring failures (y) out of 6 tests were recorded. The data orings are available in, e.g.,
the faraway package (Faraway 2022). Figure 6 shows the data and the estimated o-ring
failure probability curve obtained by fitting a binomial regression model with logistic link.
Note that the fitted curve is decreasing very fast, suggesting that o-rings are very likely
to fail at low temperatures. This is relevant because the Challenger space shuttle launch
took place on a day when the temperature was 31 degrees Fahrenheit. Here I present
some details of an IM analysis of these data.

Data Z consists of pairs Z; = (X;,Y;), for i = 1,...,n, and a conditionally binomial
model for Y, given X, i.e.,

(}/z ’ Xz Zl‘l) ~ BIn{6,F(91+02$>}, 1= 1,...,n,

where where F'(u) = (14 e *)~! is the logistic distribution function. The corresponding
likelihood cannot be maximized in closed-form, but this is easy to do numerically, and
the maximum likelihood estimator and the corresponding observed information matrix
lead to the asymptotically valid inference reported by standard statistical software. Exact
inference, however, implies a heavier computational burden, since evaluating the exact IM
contour over a sufficiently fine grid of 6 values is prohibitively expensive. Alternatively,
the Monte Carlo sampling method presented in Section 3.5 is easy to implement and fast
to run. Figure 7(a) shows the 5000 Monte Carlo samples of (01, 02) from Q} along with
the corresponding approximate possibility contour.

A practically relevant question concerns the (log) odds of an o-ring failure at tem-
perature 31 degrees, the temperature on the day of the Challenger launch. Under this
binomial model, the log odds of an o-ring failure at 31 degrees is

_ .31,
1—F(91+92-31)} Or 4023

For inference on & = ©; + O, - 31, the true log odds of failure at 31 degrees, I use the
previously-obtained samples (01, 03) from Qf to get a corresponding set of samples of
®. Figure 7(b) plots the corresponding estimate of the possibility contour for ®. If the
log odds of failure at 31 degrees are roughly between 2 and 8, then that corresponds to
a very high probability of o-ring failure, very dangerous.

E.2 Categorical data

A fundamental problem is inference on the probability vector in a mulinomial model. I say
“fundamental” because this is the canonical nonparametric inference problem—one that,
e.g., inspired Dempster’s original developments (Dempster 1966) of what’s now called
Dempster—Shafer theory and still a relevant topic of research, including the discussion
paper of (Jacob et al. 2021) published recently in JASA.
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Figure 6: Plot of the o-ring data along with the fitted failure probability curve. The
vertical line at 53.94 marks the estimated temperature at which is the o-ring failure
probability is 0.5.

To set the scene, a random sample of size n is taken from a population consisting
of K-many categories, labeled 1,2,..., K. The model specifies a probability vector § =
(01, ce ,QK) with

Py (observation is of category k) =0, k=1,... K.
The parameter space T is the K-dimensional probability simplex, i.e.,
T={uecRE: u>0 Y8 =1}

The observable data Z = (Z1, ..., Z) consists of a frequency table listing the number of
observations in each of the K categories; note that Zle Zr = n. The true probability
vector O is unknown and to be inferred based on observations Z = z. More precisely, let
(Z | © = ) ~ Multg(n,0). This determines a likelihood function L.(6) o []r_, 6;*, for
f € T. Then the relative likelihood is

R(z,6) = ﬁ(”—g’“)’“ 0.

z
=1 =k

From here it’s straightforward to evaluate the possibilistic IM contour function, but
expensive to do so over a dense grid of points in the simplex when K is 2 or more.
Fortunately, the computational strategy presented in Martin (2025b) and reviewed in
Section 3.5 can be readily applied to relieve this computational burden. In my illustration
below, I'll use the basic ellipsoidal approximations as mentioned in Section 3.5 of the main
text, but note that this may not be sufficiently accurate when the sample size is small or
if there are sparse cells in the observed z.

For illustration, I consider a down-scaled version of an example presented in Agresti
(2002, Sec. 3.2.2). The original example involves a 3 x 3 cross-tabulation of religious
beliefs and education levels. I'm treating this as a multinomial inference problem with
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Figure 7: Panel (a) shows the samples of (01,0,) from Q} and the corresponding ap-
proximate possibility contour. Panel (b) shows the approximate possibility contour for
®, the log odds of an o-ring failure at 31 degrees.

K =9 categories. In this form, the original data is
218 = (178,138, 108, 570, 648, 442, 138, 252, 252),

so that n°& = 2726. This is a large sample, making it difficult to visualize the results
since the answers are very precise. So, instead, I down-scale this so the sample proportions
are roughly the same but the overall sample size is small; in particular, I use

= = (10,8, 6,34, 38,26,8,15, 15),

with corresponding sample size n = 160. The full possibilistic IM solution is obtained
as mentioned above, resulting in samples of probability vectors from the probabilistic
approximation Qf, which can then be transformed back into a possibility contour. This
relatively high-dimensional solution is difficult to visualize so, for that reason, I'll consider
a lower-dimensional feature:

d = (0;+0,+ 03,0, + O+ Op,07 + Og + O).

In the original example, this corresponds to the marginal distribution for education level.
The maximum likelihood estimator of & is

~

¢, = (0.1500,0.6125, 0.2375),

so that category 2 dominates on this margin. The results of applying the simple proba-
bilistic marginalization that maps the samples of © from Q} to samples of ¢, and then
transforming those samples of ® into a possibility contour are shown in Figure 8.

E.3 Variance components

Random effect models are common across business, engineering, and science applications.
The simplest such model is often expressed via the following data-generating equation,

le:)\‘i‘ﬂ—i‘EZ], ’i:l,,_,’m’ j:l".',n’

41



0.8

>
07 ©
\4
06 ©
N
05 ©
\{
0.4 ©
A
03 ©
g
0.2 ©
@ \-
0.1 = ©
0 ~

e o o o o o o o o o o
3 ‘© ‘@ = [ (o)} ' (&4 © s 2

Figure 8: Level sets of the marginal possibilistic IM contour for ® in the multinomial
illustration described in Appendix E.2.

where Z = (Z;;) is the observable data and T; and E;; are mutually independent random
effects, with E;; ~ N(0,¢;) and T; ~ N(0, ;). Then the three-dimensional parameter
that indexes this model is 0 = (A, ¢1, ¢2), where X is the overall mean and (¢1, ¢2) is the
pair of variance components associated with error/replication and treatment, respectively.
The overall mean is not of primary interest, and it can be easily marginalized out, as
shown below. The focus will be on the two variance components.

The likelihood function for this model (e.g., Tiao and Tan 1965, Eq. 1.4) can be

expressed as

(e _ 1S So+mn(Z —N)?
L\ — pm(n=1)/2 m/2 e 2
( 7¢17¢2) ¢l (¢1 +7’L¢2) eXp|: 2{¢1 + ¢1 +n¢2 }i|7
where Z = (mn)~' 3% 33", Z;; is the overall sample mean and
Sl = Z Z(ZZ]ZZ)Z and SQ = TLZ(Zl — 2)2,
j=1 i=1 i=1

with Z;, = n™! Z?Zl Z;i; the group-specific sample mean. The dependence on A is very
simple, so profile likelihood for (¢1, ¢2) can be readily derived:

PR _ —m(n—1)/2 —m/2 oo 1 ﬁ S
L™ (g1, d2) = ¢y (01 + ngpg) " e p[ 2{¢1 +¢1+nq§2}]'

Then the relative profile likelihood R™(Z, ¢1, ¢2) is easy to obtain via (numerical) op-
timization. It’s also clear that the distribution of the relative profile likelihood doesn’t
depend on the overall mean A. Consequently, the computation

T2 (01, 02) = Prgrgo AR (Z, p1, 02) < R™ (2, 01, ¢2)},
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Figure 9: Plots of the marginal possibilistic IM contour for the variance components
(¢1, ¢2) as described in Appendix E.3.

can be carried out by fixing A = 0, say. In what follows, I will employ the Bayesian-like
sampling strategy using the basic elliptical approximations (applied on the log-variance
scale) as described in Section 3.5 of the main text to evaluate the marginal possibilistic
IM contour 7,(¢1, ¢2) for the variance components.

For illustration, I'll reconsider the real-data example summarized in Tiao and Tan
(1965). The experiment in question was designed to determine if variations in quality of
an intermediate product affect the yield of dyestuff prepared from it. In this experiment,
there are m = 6 samples of the intermediate product used and n = 5 preparations
of the dyestuff made from each sample. The observations were measured in grams of
standard colors. Figure 9 shows a plot of the marginal IM contour for (¢1, ¢2) based on
the data from this experiment. The point the represents the peak in the IM contour is
the maximum likelihood estimator, (¢y, ¢o) = (2450.7, 1388.6).

F Eliminating nuisance parameters, cont.

The goal here is to showcase two different ways in which the (marginal) IM solution is
superior to existing solutions when nuisance parameters are present.

Example (Behrens-Fisher). The classical Behrens—Fisher problem (Fisher 1935a, 1939) is
simple to state: independent samples of size ny and ns, respectively, are available from two
distinct normal populations, N(©13,©2,) and N(O,, ©2,), with © = (O11, O19, Ogy, Ogy)
unknown, and the goal is marginal inference on the difference ® = ©,5; — ©1; of the two
means. If the two variances are known or if their ratio is known, then the problem is
straightforward; but there is no consensus on which solution is “right” or “best” when
the variances are fully unknown. See Kim and Cohen (1998) for a survey.

The most common solution modifies the basic Student-t pivot with the degrees of
freedom approximations due to Welch (1938, 1947); this is implemented in R’s t.test
function. Other standard approaches include the simple-but-conservative solution pro-
posed by Hsu (1938) and Scheffé (1970), and the Bayesian solution proposed by Jef-
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Method Coverage probability Mean length

Bayes with Jeffreys prior 0.861 2.31
Bayes with right Haar prior 0.929 3.26
t.test with Welch df 0.881 2.79
Profile-based marginal IM 0.904 2.71

Table 1: Coverage probabilities and mean lengths for the 90% confidence intervals re-
turned by the various methods. Standard errors for all of the coverage probabilities and
mean lengths are roughly 0.003 and 0.01, respectively.

freys (1940), based on the right Haar prior for ©, which is mathematically equivalent to
Fisher’s fiducial solution. Ironically, the solution proposed by Jeffreys is different from
the Bayesian solution based on the Jeffreys prior, both in its construction and its per-
formance. A conservative IM solution was advanced in Martin and Liu (2015¢), but the
approach here, based on the strategy outlined in the main text, is different.

The approach here is based on validifying the profile relative likelihood. This was first
proposed in Martin (2023b) and an illustration of its use in the Behrens—Fisher problem
is considered in Example 5 there. This is a conceptually simple application of what
was summarized in Section 5 in the main paper. The only wrinkle is that the relative
profile likelihood doesn’t have a closed-form expression in the Behrens—Fisher problem,
and its distribution depends on a nuisance parameter; this is precisely what makes the
Behrens—Fisher problem challenging. This increases the computational cost, but I think
the validity and efficiency achieved is worth it.

To showcase the marginal IM’s performance, I reproduce a simulation study presented
in Martin (2025c). I focus on a rather severely imbalanced case—with n; = 3 and
ny = 20—to ensure that the differences in performance are apparent; this setting was one
of the more challenging cases considered in Fraser et al. (2009). Otherwise, the simulation
settings are standard: ©; = 2, Oy = 0, ©%, = 1, and ©3, = 2. T generated 10000 samples
under this setup, and Table 1 presents the coverage probability and expected length of
the various 90% confidence intervals for ®. Notably, only the profile-based marginal IM
solution is able to hit the target coverage probability, and, as desired, it’s more efficient
than the valid-but-conservative Bayes/fiducial solution based on the right Haar prior.

Ezample (Nonparametric quantile). This example differs from the others in that it in-
volves a nonparametric problem. To keep the notation consistent, let 6 be an infinite-
dimensional parameter such that Py, for § € T, spans the entire class probs*“(Z) of
absolutely continuous probability distributions supported on (subsets of) Z = R; there-
fore, the true © is in one-to-one correspondence with the underlying true distribution,
which has a density with respect to Lebesgue measure on R. The data Z consists of n
iid observations from distribution Pg and the goal is marginal inference on ® = ¢(©),
the ¢*® quantile of Pg for some fixed ¢ € (0,1). While there is no likelihood function
for ® in the usual sense, Wasserman (1990a, Theorem 5) showed that a relative profile
likelihood—or empirical likelihood ratio (e.g., Owen 2001)—is well-defined and given by

o - (1) ()

(% n—v
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Figure 10: Plot of the marginal IM possibility contour for the median ¢, based on
Cavendish’s data and the nonparametric relative profile likelihood from Wasserman
(1990a). The vertical line highlights the possibility contour evaluated at the modern
“true” value, 5.517, of the Earth’s density.

where X
S UZ<6). o<
Z?:l 1(ZZ < ¢)7 ¢ > ¢27

and ¢, is the ¢ sample quantile. Following Martin (2015, Example 6), I propose to
construct a marginal possibilistic IM contour 7t%(¢) exactly as in (13). For what it’s
worth, a very similar nonparametric IM construction can be made based on the so-
called marginal likelihood derived in Kalbfleisch (1978), but I didn’t find any significant
differences between these two solutions.

For illustration, consider the n = 29 measurements of the density of the Earth relative
to water, taken by Cavendish back in 1798 (Stigler 1977, Table 8). These experimental
results were used to indirectly calculate the gravitational constant in Newton’s formula
for the force of gravitational attraction between two bodies. Here I'll treat the true
density of the Earth as the median ® of the population of such density measurements.
As above, I construct a marginal IM contour for ® based on Cavendish’s data, and the
result is plotted in Figure 10. The modern “true” value of the Earth’s density is 5.517
and it’s clear from the plot that this true value is easily contained in the marginal IM’s
95% confidence interval for .

v =1y(2,0) = {

Related to the second example above, some general comments can be made concerning
how the IM’s uncertainty quantification framework differs from that of Bayes and fiducial.
In particular, the quantile example reveals that the IM framework can, at least in certain
cases, make direct inference about the target quantity of interest. From the remark
quoted in Section 4.1 of the main text, Wasserman (2008) continues:

To estimate a quantile, an honest Bayesian needs to put a prior on the space
of all distributions and then find the marginal posterior. The frequentist need
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not care about the rest of the distribution and can focus on much simpler
tasks.

Of course, Bayesians (e.g., Ferguson 1973; Ghosal and van der Vaart 2017) and (general-
ized) fiducialists (e.g., Cui and Hannig 2019) can solve nonparametric problems, but they
do so by first making inference on the full model parameter—in this case, the unknown
distribution function—and then marginalizing to the quantity of interest. As Wasserman
mentions, frequentists can address the marginal inference problem directly, and appar-
ently so too can IM users, at least in this quantile example. The point is that one
doesn’t have to give up on data-dependent, fully conditional uncertainty quantification
in exchange for a more appearling direct attack on the relevant unknowns.

G IM characterization of frequentism

The possibilistic IM formulation presented in the main text is intended to be normative;
that is, I'm offering a rather general construction that is provably valid and at least
approximately efficient in a wide range of applications. I started with a basic likelihood-
based construction in Section 3 and that was generalized a bit in Section 6. It’s easy,
however, to confuse normativity for rigidity, to think that “possibilistic IMs” are only
those obtained through those constructions. From that perspective, one would surely
believe that frequentist inference is more flexible than IMs, since there are effectively no
rules dictating how the latter is carried out. But remember that a possibilistic IM is
simply a mapping from data z (perhaps depending on a posited model, available prior
information, or other things) to an imprecise-probabilistic output whose upper proba-
bility has the mathematical form of a possibility measure. There are, of course, lots of
different ways this can be achieved, and fewer—but still many—that would satisfy the
validity requirement. Some of these will be specifically good at answering very specific
questions, but lousy at answering other questions. The point of focusing on the particular
likelihood-based construction here and elsewhere in the literature is to offer a solution
that’s generally good across all relevant questions. What might be surprising to the reader
is that there are exactly as many valid, possibilistic IMs as there are frequentist solutions,
as | show formally below. This justifies the claim made in the main text, namely, that
there are no genuine frequentist solutions—including classical those in textbooks as well
as those that haven’t even been developed yet—that are out of reach by the possibilistic
IM framework. What’s notable about the result below is that, while the given frequentist
procedure might be a test of a specific null hypothesis or a confidence set for a feature
parameter @, the resulting possibilistic IM offers full uncertainty quantification about ©.
The possibilistic IM constructed in the proof below to agree with the given frequentist
procedure may not answer every question about © efficiently, but that’s not relevant; af-
ter all, the frequentist procedure it starts with also can’t answer every question efficiently.
The point is simply that whatever frequentist priorities one might have, there’s no loss
of generality or efficiency focusing on possibilistic IMs.

Versions of the characterization result presented below have been given in Martin
and Liu (2014) and Martin (2021a), with increasing generality. The result presented
below is embarrassingly simple, and requiring only a basic “nestedness” condition on
the frequentist procedure in consideration. This amounts to no practical restriction on
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the characterization result because non-nested confidence sets or tests with non-nested
rejection regions are difficult to interpret and rarely if ever used.

Proposition. Consider a model {Py : 0 € T} for observable data Z with uncertain true
parameter value © € T.

(a) Let Hy C T be a relevant null hypothesis and consider a test with a nested family
of rejection regions {Rq : a € [0,1]}, d.e., Ro C Ro for all a < o, such that

sup Py(Z € R,) < a, «a€]0,1].
0€Hy

Then there exists a strongly valid possibilistic IM for ©, with contour 7, and cor-
responding upper probability I1., such that

2 €R, — I(Hy) < .

(b) Let {CI(2) : a € [0,1]} be a family of confidence sets for ® = f(O), nested in
the sense that CL(z) D Ci,(z) for all « < o' and non-empty in the sense that
N, CL(z) # @, with the property that

sup Po{CL(2) % ()} <o, a€0,1].

Then there exists a strongly valid possibilistic IM for ©, with contour w,, such that

f(0) € Cl(z) <= m.(0) >a, acl01].
Proof. Starting with Part (a), define the possibility contour 7, as

. (0) = sup{f:z € Rg} 0 € Hy
- 1 6 ¢ H,.

Clearly 7, satisfies the normalization condition required to call it a possibility contour.
Then define the corresponding possibility measure II, via optimization as usual:

I (H) sup{f: 2z € Rz} H C H,
I B H ¢ H,.

Then it’s easy to see that
II.(H)) < a <= sup{f: 2 € R} <a <= z€R,.
It’s similarly easy to see that

Po(Z € Ry) 0 € Hy

P9{7Tz<9) < Oé} = {0 0 ¢ HO.

From this and the assumed Type I error rate control property of the given frequentist
test, the strong validity claim follows immediately.
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For Part (b), start with defining a possibility contour 7/ for ® as follows:

wl(¢) =sup{B:C(2) 3 ¢}, ¢ € f(T).

The non-emptiness of the given confidence sets implies that there exists a point at which
7/ equals 1, hence the normalization condition is satisfied and it’s fair to call this a
“possibility contour.” Now extend this to a possibility contour for © in the natural way:

m.(0) :=nl(f(9)), 0€T.

Then it’s clear that f(0) € C/(z) if and only if 7.(f) > a and, moreover, strong validity
holds because

Po{rm2(0) < a} = Po{CL(2) Z f(0)} < o,
where the right-most inequality holds by the assumed coverage properties of the CJ’s. [

H General IM construction and properties

The main text focused primarily on IM constructions for a finite-dimensional parameter
indexing the posited statistical model. The reason for this focus is purely practical:
most real-world applications are of this type. But these are not the only cases that the
IM framework can handle, and the later sections of the paper briefly mentioned various
extensions. Since this review paper is intended both to showcase the developments that
have been made so far and to highlight various opportunities for the future of IMs, I think
it’s worth sketching some of these details, even if it’s a bit beyond the paper’s scope.

The general setup in Section 6 of the main paper suggested a possibilistic IM contour
m,(0) for the relevant feature © = 7(P) of the underlying distribution P € & as

m(0) = sup  P{p(Z,0) <p(z,0)}, 0T
PeZ:.r(P)=6

Of course, the corresponding possibility measure or upper probability is defined via opti-
mization just like before: I1,(H) = supyey 7.(0), for any H C T. Accurate and efficient
computation of the IM contour in this very general case is an important open question,
so I don’t have anything to say about this point here. My focus in this present discussion
is on what kind of properties the ranking function p must satisfy in order for the IM
constructed above to be valid and efficient.

One basic requirement is that 7, as constructed above should be such that sup, 7, (6) =
1 for each z. A sufficient condition is that the maximum maxg p(z, ) be independent of
z. This can be achieved, for example, if p is such that 6p(z, ) is a possibility contour for
each z—that is, if sup, p(z,0) = 1 for each z. The relative likelihood and its variations
satisfy this condition, but so do many other functions. To simplify the discussion that
follows, I'll assume that p takes values between 0 and 1, again, like the relative likelihood
and its variants.

Validity, too, only requires minimal assumptions on p. In particular, the distribu-
tion of the (scalar) random variable p(Z,#) should not have an atom at 0 under any
distribution P with 7(P) = 6. The reason is that this will imply that 7,(6) is bounded
away from 0 and, therefore, the random variable 7z (6) can’t be stochastically no smaller
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than Unif(0,1). Any practically reasonable choice of ranking function would achieve this
since, otherwise, there’d be positive probability of observing data that’s fully incompat-
ible (relative to p) with the true parameter, which clearly makes p a poor measure of
compatibility. In any case, mathematically, no atom at 0 in the sense above implies that
the distribution function Gp of p(Z, 7(P)) under Z ~ P satisfies suppc » Gp(0) = 0.

Concerning efficiency, let me turn to large-sample considerations. For this, write Z"
for an iid sample of size n from unknown distribution P. A first basic question is what
does it take for the possibilistic IM to be consistent, i.e.,

IIz+(H) — 0 in P-probability as n — oo for each H Z 7(P).

This is analogous to Bayesian (and fiducial) consistency as explored in, e.g., Barron et al.
(1999), Ghosal et al. (2000), and Walker (2004). To achieve this, the ranking function
must be able to distinguish “good” and “bad” values of the interest parameter 6 as
efficiently as possible. In light of the above constraints, and the exponential growth rate
that can be achieved in many problems (e.g., Cover and Thomas 2006, Ch. 11), there’s
effectively no choice but to take p of the form

H?:l f(z,, 0)

2",0) = n
0= S Iz f(zi9

] = exp [i{log f(zi,0) —log f(zi, éz")}]7

where 6,» = arg maxy [T, f(zi, ), for suitable function f. So, either directly or indi-
rectly, explicitly or implicitly, © = 7(P) corresponds to the maximizer of the function
0 — Elog f(Z1,0). This is the case with the relative likelihood as discussed in the main
text, since the true parameter is the maximizer of the expected log density function.

Let © = 7(P) be the true value of the interest parameter and take § # ©; then 0 is a
“wrong” value of the parameter and the IM is expected to rule this value out as the data
grows more and more informative, i.e., mz»(#) — 0 in P-probability as n — oo; a result
of this type was established in Martin (2015, Theorem 3). Towards this, since 0.7n is, by
definition, a maximizer, it follows that

p(2",0) < exp|>_{l0g (Z:,0) — log (Z:, ©)}].
i=1
Under mild integrability conditions, the law of large numbers implies

1~y f(Z0) f(Z,0) . "
— log ~——= — Elog =———=, in P-probability.

Note that the right-hand side above is negative by definition. Then, by monotonicity of
the distribution function,

(@)= sup Gp{p(Z",0)} < sup Gp{eXimllos/(Z0) -l /(2O
PeZ:7(P)=0 PeZ:.r(P)=0

Clearly, the argument to the distribution function behaves like e for some v > 0,
hence is converging to 0 very rapidly. Since there’s no atom at 0, the entire right-hand
side is vanishing in P-probability. Therefore, w2 (6) — 0 in P-probability for any 6 # ©.
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Extension to the proper consistency property as stated above involves establishing that
the aforementioned property holds appropriately uniformly in 6. I won’t get into these
details here but surely this is doable and would make an interesting contribution.

Beyond the basic consistency result discussed above, it would be desirable to have
concentration rate and generalizations of the Bernstein—von Mises property due to Martin
and Williams (2025) reviewed in the main text. These details are beyond the scope of
high-level discussion here, but these too are deserving of further exploration.

Finally, as I mentioned briefly in Section 7 of the main text, there are even more
general IM constructions that can incorporate any available, perhaps incomplete prior
information about the relevant unknowns. These details are too new and, therefore,
beyond the scope of this review paper, but they can be found in the working papers
Martin (2022a,b, 2023b). This incorporation of prior information is done in a novel, non-
Bayesian way that allows for efficiency gains akin to those obtained by more familiar forms
of regularization but while retaining a generalized notion of validity that’s meaningful
relative to the (incomplete) prior knowledge available. A conjecture is that this non-
Bayesian style of prior-to-posterior updating is more efficient in the sense that it can
avoid the undesirable dilation phenomenon that plagues generalized Bayes solutions (e.g.,

Gong and Meng 2021; Kyburg 1987; Walley 1991).
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