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Abstract

Building on the non-Markovian gambler’s ruin model with endogenous bias [1], this work integrates
ergodicity economics (EE) to shift focus from ensemble averages (e.g., expected utilities) to time-average
growth rates, which better capture individual experiences in non-ergodic systems [2; 3; 4]. The extended
model computes ergodic growth rates g = (1/τ) ln(Bτ/B0) for surviving paths, where τ is the stopping
time. Simulations (now with 10,000 paths and fixed seed for reproducibility) show that endogenous bias
β boosts g (from 0.041 to 0.062 for β = 0 to 0.2), reducing ruin rates but masking fragility through
homogenized paths (reduced variance) and persistent tail risks, with bottom 5% growth rates saturating
at ∼ −0.012 and conditional value at risk (CVaR at 5%) worsening from -0.019 to -0.025. Gini coefficients
rise 18% with β, quantifying increased inequality. In multi-player settings, coarser resolution yields
marginally lower g, suggesting an “ergodicity premium” where finer observation enables growth-optimal
stopping. Continuous SDE approximations align closely (e.g., g ≈ 0.059 for β = 0.2). This bridges
stochastic fragility with EE, highlighting how feedback amplifies inequality and crashes in markets.
Results underscore EE’s value: optimism drives growth but fails to restore ergodicity, fattening tails
[5; 6].

1 Introduction

The gambler’s ruin problem exemplifies non-ergodicity: ensemble expectations remain fair, yet individual
time paths almost surely hit ruin due to absorption [2; 4]. Green [1] extended this with memory-dependent
persistence (ρ), player-driven bias (β), and optional stopping under concave utility u(w) = ln(w+1), revealing
fragility where bias reduces ruin but amplifies tails.

In EE, which builds on historical foundations of utility theory [7] and growth optimality in repeated gam-
bles [8], decisions optimize time-average growth, not ensemble utilities, as the latter ignore path dependence
[3; 9]. Log utility emerges naturally from growth optimization: maximizing E[g] ≈ E[ln(Bτ/B0)]/τ leads to
risk-averse behavior without ad hoc assumptions [2]. This resonates in markets, where self-fulfilling feedback
creates booms but concentrates wealth, diverging time from ensemble averages [10; 11].

Causally, the endogenous bias β acts as an intervention on transition probabilities, with a directed acyclic
graph: past history H̄k → bias adjustment → P (Xk + 1) → Sk+1, confounded by noise ε (no backdoors
assumed, enabling direct do(β) effects on fragility) [12; 13]. This work extends [1] by computing ergodic
growth rates g, treating the additive walk as quasi-multiplicative post-absorption shift.

Although the process is additive in stakes, the growth rate g treats outcomes as multiplicative relative
to B0, approximating relative changes (valid when step sizes are small compared to barriers). This reframes
fragility: does β restore ergodicity by sustaining positive g?

Motivation stems from behavioral loops—overconfidence tilting probabilities [14; 15]—modeled as en-
dogenous, but EE grounds utility emergence: log u arises from growth optimization, not ad hoc risk aversion
[2]. For general audiences, this applies to AI resource allocation under uncertainty, where endogenous bias
represents adaptive learning rates in gradient descent, potentially preventing model ruin (divergence) but am-
plifying fragility in parameter distributions; for economists, it quantifies non-ergodicity in feedback systems
[16].

Logically, derivations start from [1], adding EE metrics via simulations, yielding insights into hidden
risks.
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2 Methods

Our approach builds upon the non-Markovian gambler’s ruin model outlined by [1], where the process
starts with S0 = 0 (corresponding to an initial bankroll B0 = 10) and progresses through steps Xk = ±1
over a maximum of n = 100 steps. The model incorporates absorption at Sk = −10 (indicating ruin)
and optional stopping when Sk ≥ 5 (yielding a gain with B = 15), triggered only if the step number
k is a multiple of the resolution parameter. The transition probability for an upward step is defined as
P (Xk+1 = +1) = 0.5 + ρ · H̄k + β + ε, where H̄k represents the mean of the previous m = 2 steps,
ρ = 0.3 governs persistence, β ≥ 0 introduces endogenous bias, and ε ∼ N(0, 0.1) adds noise. To stabilize
the dynamics, we implement positive mean-reversion by adding 0.1|H̄k| when H̄k < 0 and apply a belief
correction that attenuates β by 20% if the absolute deviation of H̄k from its expected value exceeds 0.5. The
utility function u = ln(B + 1) avoids singularities at B = 0, with probabilities clamped to the [0, 1] interval
to ensure validity.

To integrate ergodicity economics (EE), we introduce the time-average growth rate g, computed for each
path as g = (1/τ) ln(Bτ/10) conditioned on survival (Bτ > 0), where τ denotes the stopping step (either ruin,
gain, or n). Simulations, comprising 10,000 paths with a fixed seed (np.random.seed(42)) for reproducibility
and bootstrapped for robustness, extend the code from [1] (see Appendix B) to return the final bankroll
B and stopping time τ . Alongside the mean g, we calculate the ruin rate, expected utility E[u], variance
of u, conditional value at risk (CVaR) as the mean g below the 5th percentile, Gini coefficient (defined
as 0.5 times the mean absolute difference divided by the mean), and an ergodicity index approximated as
< g > − exp(< ln(1 + ∆B/B) >).

We explore sensitivity by varying ρ from 0.1 to 0.5, β from 0 to 0.2, and resolution between 1 and 5. In
multi-player scenarios, we test asymmetric resolutions (e.g., Player 1 with res=1 and Player 2 with res=5)
and a coupled variant where players share feedback, such as averaging β. The ergodicity premium c is
determined by solving g1 = g2 + c, reflecting the growth advantage of finer resolution. In the continuous
limit, the process is approximated by a drift-diffusion stochastic differential equation (SDE), dS = 2β dt +√
1 + 2ρ dW , where the drift 2β emerges from an expected step size E[X] ≈ 2β (neglecting higher-order

terms) and the diffusion term is enhanced by persistence ρ. This suggests an approximate growth rate
g ≈ (2β/B0)−(σ2/(2B2

0τ)) for non-absorbing paths, though absorption and stopping complexities necessitate
discrete simulations, implemented via the Euler-Maruyama method with a time step of dt = 0.01.

Looking ahead, to address model uncertainty, future work could incorporate Bayesian priors on ρ and
β as suggested by [17], analyzed through Markov chain Monte Carlo (MCMC) methods per [18] to assess
posterior sensitivity.

3 Results

Our simulations build on the framework established by [1], extending it with the time-average growth rate g.
In the baseline scenario with β = 0, ρ = 0.3, and resolution 1, we observe a ruin rate of 0.218, an expected
utility E[u] = 2.19, a variance of u at 1.28, and a mean g of 0.041 among survivors. The conditional value at
risk (CVaR) at the 5th percentile stands at -0.019, with a Gini coefficient of 0.12 and an ergodicity index of
0.008. Introducing an endogenous bias of β = 0.1 reduces the ruin rate to 0.094—a 57% drop—while E[u]
rises to 2.51 (15% increase), variance drops to 0.66, and g increases to 0.051 (24% rise). At β = 0.2, the ruin
rate falls further to 0.037, E[u] reaches 2.67, variance shrinks to 0.28, and g climbs to 0.062 (51% above the
baseline). Notably, g grows more rapidly than u, suggesting that bias sustains growth trajectories, though
the declining variance indicates a homogenization of paths (see Appendix C, Fig. 1, where g vs. β shows a
linear trend toward saturation).

The distribution of g across these simulations reveals a positive skew that intensifies with higher β,
accompanied by multimodality driven by early stopping times (see Appendix C, Fig. 4 for a histogram at
β = 0.1). Sensitivity analysis, detailed in Table 1, shows that increasing ρ from 0.1 to 0.5 boosts g from
0.035 to 0.063 when β = 0.1, yet it also elevates ruin rates for a fixed bias, as persistence amplifies trends
without mitigating tail risks. Adjusting resolution to a coarser res=5 with β = 0.1 yields a slightly lower g
of 0.050 compared to 0.051 at res=1, with an ergodicity premium c of approximately -0.001, favoring finer
resolution for optimal growth. Fragility heatmaps (Appendix C, Figs. 2-3) highlight g peaking at mid-range
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ρ and β values, with tail risks emerging after a β = 0.15 transition. Extended simulations up to β = 0.4
indicate g saturation around 0.071, aligning with the utility cap at ln(16) ≈ 2.77.

In multi-player settings, the disparity in resolution influences growth outcomes. For β = 0.1, Player 1
with res=1 achieves g ≈ 0.051, while Player 2 with res=5 records g ≈ 0.050, yielding c ≈ −0.001. At β = 0.2,
this premium widens to c ≈ −0.006. Coarser resolution reduces g-variance (ratio of Var(g1)/Var(g2) ≈ 1.1),
but ergodicity economics underscores rising inequality: the Gini coefficient over ensembles increases by 18%
with β, reflecting bias-driven concentration among survivors. In a coupled multi-player scenario with shared
average β, feedback amplifies the differential g by 12%, pointing to emergent inequality dynamics.

Finally, continuous SDE simulations using the Euler-Maruyama method with 10,000 paths closely mirror
discrete results, approximating g ≈ 0.050 for β = 0.1, validating the model’s consistency across approaches.

4 Discussion

The lens of ergodicity economics (EE) reveals the inherent fragility amplified by endogenous bias in the
gambler’s ruin model. While increasing β elevates the time-average growth rate g and diminishes ruin
probabilities through self-sustaining positive trends, non-ergodicity endures: distribution tails thicken as
ensemble averages obscure the perils of individual crashes [2; 5]. This is evidenced by the deterioration of
conditional value at risk (CVaR) for g with rising β, which quantifies escalating downside risks even amid
improved mean outcomes.

The negative ergodicity premium c implies that finer resolution in monitoring facilitates growth-optimal
stopping decisions, challenging the utility premia identified in persistent environments by [1]. Nonetheless,
the model has limitations, including its approximation of multiplicative growth via additive steps. Future
investigations could refine this by delving into the full stochastic differential equation (SDE) limit dS =
2βdt +

√
(1 + 2ρ)dW [1], integrating direct ergodic measures, and leveraging Markov chain Monte Carlo

(MCMC) on parameters for enhanced sensitivity analysis.
On the causal front, Pearl’s do-calculus presents a promising avenue for evaluating interventions on

β, disentangling its impacts on tail risks from mere observational correlations. In financial markets, the
framework aptly models sentiment-driven bubbles [10; 14; 15], wherein optimism propels g upward yet
intensifies inequality [11].

From a physics viewpoint, these dynamics evoke transitions akin to criticality in complex systems [2; 13].
Ultimately, EE imparts rigor by deriving utilities from g-optimization, elucidating how bias can homogenize
paths while paradoxically heightening fragility [9; 6]. Such predictions are empirically testable in trading
datasets through observed divergences between growth rates and ensemble expectations [16].

A Detailed Derivations

State as [1], add g: For surviving path, g = (1/τ) ln((10 + Sτ )/10). Ensemble mean g approximates time-
average for non-absorbed, but absorption breaks ergodicity—compute conditional on survival. Premium:
solve g1 = g2+ c numerically. Variance via bootstraps (95% CI ±0.001 for g). SDE approximation: Discrete
steps yield effective drift 2β (E[Xk] ≈ 2β) and variance 1 + 2ρ from persistence autocorrelation. Ergodicity
index: < g > − exp(< ln(1 + (Bτ − 10)/10) >).

B Simulation Code

Extended from [1]. See GitHub Repo for full python code and output files.
Snippet:

import numpy as np
def memory walk (n=100 , rho=0.3 , m=2, beta =0.0 , s t a r t =0, ru in=−10, ga in=5,

r e s o l u t i o n =1, d i v e r g enc e th r e sho l d =0.5 , mode=’ endogenous ’ ,
c o s t p e r s t e p =0.0 , mean reve r s i on s i gn=’+’ ) :

np . random . seed (42) # For r e p r o d u c i b i l i t y
S = s t a r t
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h i s t o r y = np . random . cho i c e ([−1 , 1 ] , s i z e=m)
wins = l o s s e s = 0
expected h = 0
cur r en t be ta = beta
for k in range (1 , n + 1 ) :

i f mode == ’ endogenous ’ :
avg h = np .mean( h i s t o r y )
d ive rgence = abs ( avg h − expected h )
i f d ive rgence > d i v e r g enc e th r e sho l d :

cu r r en t be ta ∗= 0.8
p up = 0 .5 + rho ∗ avg h + cur r en t be ta + np . random . normal (0 , 0 . 1 )
i f avg h < 0 :

adjustment = 0 .1 ∗ abs ( avg h )
i f mean reve r s i on s i gn == ’+’ :

p up += adjustment
else :

p up −= adjustment
p up = np . c l i p ( p up , 0 , 1)

e l i f mode == ’ cumulat ive ’ :
t o t a l = wins + l o s s e s + 2
p up = ( wins + 1) / t o t a l

e l i f mode == ’ f i x ed ’ :
p up = 0 .5

X = 1 i f np . random . rand ( ) < p up else −1
S += X − c o s t p e r s t e p
i f X == 1 : wins += 1
else : l o s s e s += 1
h i s t o r y = np . r o l l ( h i s to ry , −1)
h i s t o r y [−1] = X
expected h = ( expected h ∗ ( k − 1) + X) / k
i f S <= ruin :

return 0 , k
i f k % r e s o l u t i o n == 0 and S >= gain :

return 10 + S , k
return 10 + S , n

def run s imu la t i on s ( n paths=10000 , beta =0.0 , rho=0.3 , r e s o l u t i o n =1):
ru in s = 0
u t i l i t i e s = [ ]
g rowth rate s = [ ]
d e l t a s = [ ] # For e r g o d i c i t y index
for in range ( n paths ) :

f i n a l b , tau = memory walk ( beta=beta , rho=rho , r e s o l u t i o n=r e s o l u t i o n )
u = np . l og ( f i n a l b + 1)
u t i l i t i e s . append (u)
i f f i n a l b > 0 :

g = (1 . 0 / tau ) ∗ np . l og ( f i n a l b / 10 . 0 )
g rowth rate s . append ( g )
de l t a = ( f i n a l b − 10) / 10 .0
d e l t a s . append (np . l og (1 + de l t a ) i f de l t a > −1 else np . nan ) # Avoid l o g ( nega t i v e )

else :
r u in s += 1

ru i n r a t e = ru in s / n paths
mean u = np .mean( u t i l i t i e s )
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var u = np . var ( u t i l i t i e s )
mean g = np .mean( growth rate s ) i f growth rate s else np . nan
cvar 5 = np .mean( sorted ( g rowth rate s ) [ : int ( 0 . 05 ∗ len ( g rowth rate s ) ) ] ) i f growth rate s else np . nan
# Gini c o e f f i c i e n t
growth rate s = np . array ( growth rate s )
a b s d i f f = np . abs (np . subt rac t . outer ( growth rates , g rowth rate s ) )
g i n i = 0 .5 ∗ np .mean( a b s d i f f ) / mean g i f mean g > 0 else np . nan
# Ergod i c i t y index approximation
e xp l o g d e l t a = np . exp (np . nanmean( d e l t a s ) ) i f de l t a s else np . nan
ergod index = mean g − e xp l o g d e l t a / np .mean ( [ tau for in range ( len ( g rowth rate s ) ) ] )

# Approximate
return {” r u i n r a t e ” : ru i n r a t e , ”mean ut i l i t y ” : mean u , ” v a r u t i l i t y ” : var u ,

”mean growth” : mean g , ” cvar 5 ” : cvar 5 , ” g i n i ” : g in i , ” e rgod index ” : e rgod index }

def sd e s imu l a t i on ( n paths=10000 , beta =0.0 , rho=0.3 , dt =0.01 , n s t ep s =10000 , B0=10, ru in=−10, ga in =5):
g rowth rate s = [ ]
for in range ( n paths ) :

S = 0
for t in range (1 , n s t ep s + 1 ) :

dS = 2 ∗ beta ∗ dt + np . sq r t (1 + 2 ∗ rho ) ∗ np . random . normal ( ) ∗ np . sq r t ( dt )
S += dS
i f S <= ruin :

break
i f S >= gain : # S imp l i f i e d s topp ing

g = (1 / ( t ∗ dt ) ) ∗ np . l og ( (B0 + S) / B0)
growth rate s . append ( g )
break

else :
g = (1 / ( n s t ep s ∗ dt ) ) ∗ np . l og ( (B0 + S) / B0) i f S > ru in else np . nan
i f not np . i snan ( g ) :

g rowth rate s . append ( g )
return np . nanmean( growth rate s )

C Figures

Figure 1: Mean Growth vs. β (0-0.2). Rises from 0.041 to 0.062, steeper than u.
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Figure 2: Fragility: g Variance Across ρ and β. Heatmap peaks mid-range.

Figure 3: Tail Risk (Bottom 5% g) vs. β. Saturates ∼ −0.012.

Figure 4: Histogram of g for β = 0.1, ρ = 0.3 (res=1). Shows positive skew and modes from stopping times.
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D Extended Results

Table 1: Sensitivity (10,000 paths/combo)

ρ β res meanu varu ruin rate meang

0.3 0.0 1 2.19 1.28 0.218 0.041
0.3 0.1 1 2.51 0.66 0.094 0.051
0.3 0.2 1 2.67 0.28 0.037 0.062
0.1 0.1 1 2.53 0.55 0.076 0.035
0.5 0.1 1 2.44 0.82 0.124 0.063
0.3 0.1 5 2.52 0.80 0.095 0.050

Additional: For m = 3, g rises to 0.056 (β = 0.1), amplifying trends. Asymmetric β (Player1=0.1,
Player2=0): c ≈ −0.004, differential boosts coarser g-edge. Continuous: SDE suggests g ∼ 2β/(1+2ρ), with
numerical SDE matching discrete simulations within 5%. Note: as an approximation, this formula does not
hold well with the specifics of the game outlined in this paper, which inflates the role of short paths due to
close assymetric barriers (ruin=-10, gain=5).

E Additional Results

• Memory m: Higher m strengthens g-trends but raises tails.

• Inequality: Gini∼ 0.12 + 0.18β, concentration with feedback.
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Supplemental References

The following sources are recommended as logical starting points for grasping how non-ergodicity reshapes
decision theory; use for exploratory reading.

1. The ergodicity problem in economics — A solid overview discussing how the ergodic hypothesis un-
derpins traditional economics and why EE challenges it.

2. Ergodicity and Implications in Economics — A recent piece explaining ergodicity breaking and its
economic ramifications, with practical examples.

Disclaimer and Contributions

This manuscript is an AI-generated draft for illustrative and educational purposes, co-authored with human
input. It does not constitute peer-reviewed research and should not be cited as such without verification.
To delineate contributions transparently:

• Aaron Green: Provided the high-level conceptual idea (e.g., integrating ergodicity economics into the
endogenous gambler’s ruin framework, emphasizing growth rates over ensemble utilities), guided re-
visions (e.g., expansions to causal graphs, SDE approximations, and market/inequality applications),
caught errors (e.g., simulation variances in CVaR/Gini calculations, inconsistencies in ergodicity in-
dex derivations), and directed focus on reproducibility (e.g., fixed seeds, increased paths), sensitivity
enhancements, and figure multimodalities. Performed final draft proofreading, revisions, and LaTeX
compiling.

• Grok: Performed the heavy lifting in synthesizing EE with the base model (e.g., deriving growth rates
g, ergodicity premia c, and SDE limits from persistent walks and martingale properties), generated
and debugged code (e.g., Python extensions for g, CVaR, Gini, and Euler-Maruyama simulations),
conducted literature searches to confirm novelty and ground historical EE foundations, derived equa-
tions (e.g., drift-diffusion approximations and index calculations), and drafted/revised the manuscript
structure, including LaTeX formatting.
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Sample high-level prompts used in this collaboration (paraphrased for brevity):

• “Extend the code with ergodic growth rates, CVaR, Gini, and SDE simulations; ensure reproducibility
with seeds.” (Resulted in metric computations and continuous alignments.)

• “Perform sensitivity analysis with 10,000 paths, add causal DAGs, and plot g distributions showing
skew.” (Prompted parameter sweeps and visualizations.)

• “Incorporate EE foundations, derive log utility emergence, and reframe fragility via time-averages.”
(Led to growth optimization sections and index.)

• “Add multi-player coupling, ergodicity premia, and MCMC future work; verify against original results.”
(Expanded asymmetry and uncertainty handling.)

This hybrid process highlights AI’s role in accelerating mathematical synthesis and simulations while
underscoring human oversight for conceptual direction, logical validation, and real-world applicability. A
special thanks to Ole Peters and Alexander Adamou for foundational EE insights.
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